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On Erdos-Smarandache numbers 1 



Rong Ma* and Yulong Zhang* 
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Abstract Let A denote the set of Erdos-Smarandache numbers, for any positive integer n, 
they can be defined by the solutions of the diophantine equation P(n) = S(n), where P(n) 
is the largest prime factor which divides n, S(n) is the Smarandache function defined as 
follows: S(n) is the smallest number, such that S(n)\ is divisible by n, i.e., S(n) = min {m : 
m G N, n|m!}. For any real number x > 1, let M(x ) denote the number of natural numbers 
n in the set A and such that n < x, in this paper, we study M(x ) by the elementary and 
analytic methods, and give an interesting asymptotic formula of M(x). 

Keywords Erdos-Smarandache numbers, the largest prime factor, asymptotic formula. 
MR(2000) Classification: 11N25, 11N37. 



§1. Introduction 

For any positive integer n, the Smarandache function S(n) can be defined as follows: S(n) 
is the smallest number, such that S(n)\ is divisible by n, i.e., S(n ) = min{m : m £ N, n\mY\. 
According to the definition of S (n ) , if n = l p% 2 . . . denoting the prime powers factorization 
of n, we have S(n) = maxi<j< r {5(p“’)}. Hence we can easily get several values of S(n): 5(1) = 



has infinite many positive integer solutions. 

Du (see Ref. [6]) studied the conjecture on S(n), i.e., when n was a sqarefree number, the 

sum 



1 This work is supported by the 2011 Basic Research Fund of Northwestern Polytechnical Univer- 

sity(JC201123). 



1, 5(2) = 2, 5(3) = 3, 5(4) = 4, 5(5) = 5, 5(6) = 3, 5(7) = 7, 5(8) = 4, 5(9) = 6, 

About the arithmetical properties of 5(n), many scholars have studied them (see Ref.[4]-[8]). 
For example, Lu (see Ref. [4]) and Le (see Ref. [5]) studied the solutions involving the equations 
of 5(n), i.e., the equation 



5(toi + m 2 + • • • + rrik) = 5(mi) + 5(m 2 ) + • • • + 5(mfc) 
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is impossible an integer. 

Xu (see Ref. [7]) got a profound result about S(n), that is 



J2(S(n) - P(n)) 2 

n<x 



2C(|M 

3 In a; 



+ o 




where P{n) is the largest prime factor which divides n , £(s) is Riemann zeta- function. 

Now we let A denote the set of Erdos-Smarandache numbers (See Ref. [8] and [9]), which 
is defined by the solutions of the diophantine equation S(n) = P(n). According to the def- 
initions of S(n) and P(n), we can easily get several front Erdos-Smarandache numbers, i.e., 
A = {2, 3, 5, 6, 7, 10, 11, 13, 14, 15, 17, 19, 21, 22, 23, 26, 28, 29, 30, 31, • ■ ■ }. In 1991, for any posi- 
tive integer k > 3, Erdos (see Ref. [10]) asserted the number of elements of the set A was 



1 = k + o(k) (. k — > + 00 ). 

n<k 

neA 



After that, many scholars (see Ref. [11,12]) improved the result. Further more, in 2005, Ivic (see 
Ref. [1]) got the asymptotic formula 

Y 1 = k exp | — y/2 log k log 2 k (l + O (|^)) } . 



where exp(x) = e x . Even he got the asymptotic formula involving the Dickman-de Bruijn 
function. Thereby he sharpened and corrected results of Ford (see Ref. [2]), Koninck and Doyon 
(see Ref. [3]). 

The authors are also very interested in this problem and want to know some more about 
the number of Erdos-Smarandache numbers. So we use the elementary method to study this 
problem and get a weaker asymptotic formula of the number of Erdos-Smarandache numbers. 
Although the result is weaker than those of the above, we have used the alternative approach 
(completely different from the Ivic’s). That is, we shall prove the following: 

Theorem 1.1. Let A denote the set of Erdos-Smarandache numbers, then for all positive 
integer k > 2, we have the asymptotic formula 



Y 1 = k + O 

n<k 

neA 



log fc(log log k ) 2 



§2. Some lemmas 

To complete the proof of the above theorem, we need the several following lemmas. First, 
we give the familiar formula Abel’s identity. 

Lemma 2.1. Abel’s identity. For any arithmetical function a(n), let 

A (x) = Y 

n<x 
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where A(x) = 0 if x < 1. Assume / has a continuous derivative on the interval [x, y\, where 
0 < x < y. Then we have 

E a(n)f(n) = A{y)f{y) - A{x)f{x) - f A(t)f(t)dt. (1) 

x<n<y x 



Proof. See Ref. [13]. 

Lemma 2.2. Prime number theorem. For x > 0, let ^ r(x) denote the number of primes 
not exceeding x. Then we have 



7r(x) 



x 

logx 



+ o 




In addition, the prime number theorem also has an equivalent form 



d(x) = log p = 7r(x) log x 

p<x 




T{t) 



dt = . 



O 




Proof. See Ref. [14]. 

Lemma 2.3. For all 0 < x < y, we have 



E 

x<p<y 



xlogx 



+ o 



1 

X log 2 X 



(2) 

( 3 ) 



Proof. Let a(n) denote the characteristic function of the primes, that is 



a{n ) 



1, if n is prime, 
0, otherwise. 



Then we have 



E l d{jl) 

7 ") 2 / J 



p~ z ' n 

x<p<y x<n<y 



2 • 



Therefore if we take /(f) = tj in Lemma 2.1, we find, 

E i = /2 E «( n ) ~ i E a ( n ) + 2 [ ^E a W^ 



v y 

x<p<y n<y 



( 4 ) 






From Lemma 2.2 we have 7r(x) = ^ a(n) = + f?(x), where R(x) = 0( lp / 2 x ), then we find 



n<a 



log 2 x ' 



y — 

p 2 

x<p<y 



l itv + R ^ 15^ + R ( x ) . ~ f v I5Tf + 



log X 



y * 



+ 2 



logt 



1 , Rjy) 1 R(x) | 2 

y log y y 2 x log x x 2 



1 



1 



O 



1 



2/ logy xlogx ' “ Vxlog 2 x 
1 

xlogx 



+0 (^) +2 /, 



+ 2 J 
y 1 



t 3 

1 

r t 2 \ogt 
rv i 

r ^ 2 log t 



dt 

dt 2 
dt + 2 



f 2 log t 



dt + 2 



R(f) 

t 3 



/• y M 
' x * 3 
rm 

L t 3 

dt. 



dt 

dt 



( 5 ) 
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Now 



t 2 log t 



dt = 



x log x y log y 



t 2 log 2 t 



-dt 



1 



a; log a; 



O 



1 



X log 2 X 



and 



m 

t 3 



dt = O 



1 



dt = O 



( 6 ) 



(7) 



t 2 log 2 1 ) \x log 2 X 

where we used the condition R(t) = 0( lo * 2 t ). Hence equation (5) can be expressed as follows: 

1 



E ^ = -1^ + 0 

X log X 

x<p<y 



X log X 



This proves the lemma. 



§3. Proof of the theorem 



In this section, we shall complete the proof of the theorem. First we will estimate the 
upper bound of ^n<* 1- I n fact, for any positive integer k > 1, we let n = p^p^ 2 • ■ •p“ T ' 

n£A 

denote the prime powers factorization of n, then according to the definitions and properties 
of S(n) and P(n), we can let S(n) = S(p^ i ) = mpi , where S{p “‘) is the largest number of 
{S'(p“ 1 ), S(p 2 2 ), ■■■ , S(pr r )}- If cti = 1, then m = 1 and S(n) = pi is prime. If a,; > 1, 
then to > 1 and S(n) is composite. Hence ^ „<*. 1 is the number of n (1 < n < k ) such that 
S(n) = 1 or S(n) is composite. Apparently S(n) = 1 if and only if n = 1. Therefore we have 

E 1 = 1 + E ^ 1+ E !+ E (8) 

n<k n<k np a < fc S(n)<M 

n£A S(n) = S(p“), c>2 ap>mp>M,a>2 

where M <C k e , e > 0 is a real number. Now we will estimate every term of (8). Firstly we will 
estimate the first summation. From Lemma 2.3 we have 



E i = 

np a <k 
ap>M, oc>2 



< 



< 



E 1+ E 1= E E 1+ E Ei 

f <P<Vk n<\ 



np A <k 
2 p>M 



a p>M, a > 3 



P a <k 

ap>M,a> 3 — P a 



E 

f -<p<Vk 
2 k 



0 ( 1 ) 



E 



p a < k 

dlp>M, 3<a<p 



0 ( 1 ) 



o 






M log M \ M log 2 M 



2k 



O 






E 

d <p 
OL> 

k 



y/ M <p<.\/k 
a>3 



0 ( 1 ) 



E 

a <k 
M, a 

E 



p a < k 

Dtp > M , oc>p 



p<y/k 

*>\/M 



- 0 ( 1 ) 

0 ( 1 ) 



k k 

< 



M log M \ M log 2 M J MVM MlogM 



(9) 



where M <C k e . 

In order to estimate the other term of (8), we must estimate it in a different way. For 
any prime p < M, let a(p) = [^zy] denote the largest number not exceeding [^zq]- Let 
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u = n p < M P a{p) - For any positive integer n such that S(n) < M, let S(n) = S(p a ), according 
to the definition of S(n), we must have p a \M \ , thus we have a < Y^pLii^r] — I^ry]- Hence for 
all positive integer n such that S(n) < M, we have n\u, that is, the number of all the n like 
this is not exceeding all the divisors of u, then we have 



e 1 ^ E i= n( i+a w)= n i 1 

S(n)<M d\u p<M p<M 



M 

P~ 1 



= ex p ( E log ( i 

ip<M 



M 



P~ 1 



(10) 



where exp(y) = e v . 

From Lemma 2.2 and (10), we have 



E 1 ^ ex p ( E log ( i 



S(ri)<M 



\p<M 



M 

P~ 1 



= ex p{ E 



p<M 



log (p - 1 + M) - log p - log 1 

p 



< exp I 7r(M)log(2M) — ^ logp+ ^ - 

p<M p<M P 

' M\og(2M) / M 

exp [ — , - M + 0 1 



<C exp 



log M 
M 



\ log M 



log M J ’ 



( 11 ) 



where M <C k e . Now let M = log ky/lo g log k (it determines k > 2), we have exp ^ lo ^? M ^ <C 



log fc(log log k ) 2 



, thus combining (8), (9) and (11), we immediately get 



E* = ° 



n<k 



( * y 

\log fc(loglog k) 2 



Therefore, we have 



Ei = fc -Ei = fc +°f 



n<k 

ieA 



n<k 

a^A 



\logfc(loglogfc )2 



This completes the proof of the theorem. 
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Abstract In this paper the following concepts are generalized intuitionistic fuzzy contra 
continuous function, strongly generalized intuitionistic fuzzy contra continuous function and 
generalized intuitionistic fuzzy contra irresolute are studied. The concepts of generalized 
intuitionistic fuzzy S-closed and strongly generalized intuitionistic fuzzy S-closed are studied. 

The concepts of generalized intuitionistic fuzzy compact spaces and generalized intuitionistic 
fuzzy almost compact spaces are established. The concepts of generalized intuitionistic fuzzy 
filter and intuitionistic fuzzy C-convergent are established. Some properties are investigated 
with some illustrations. 

Keywords Generalized intuitionistic fuzzy contra continuity, strongly generalized intuitioni 
-Stic fuzzy contra continuity, generalized intuitionistic fuzzy contra irresolute, generalized int 
-uitionistic fuzzy 5-closed, generalized intuitionistic fuzzy compact spaces, generalized intuiti 
-onistic fuzzy almost compact spaces, generalized intuitionistic fuzzy filter and intuitionistic 
fuzzy G-convergent. 

2000 Mathematics Subject Classification: 54A40, 03E72. 

§1. Introduction 

The fuzzy concept has invaded almost all branches of mathematics ever since the introduc- 
tion of fuzzy sets by L. A. Zadelr I 16 !. These fuzzy sets have applications in many fields such 
as information I 14 l and control I 15 l. The theory of fuzzy topological space was introduced and 
developed by C. L. Chang I 7 1 and since then various notions in classical topology has extended 
the fuzzy topological space. 

The idea of “intuitionistic fuzzy set ” was first published by Atanassov I 1 ! and many works 
by the same author and his colleagues appeared in the literature l 2 ’ 3 ’ 4 !. Later, this concept was 
generalized to “intuitionistic L - fuzzy sets” by Atanassov and Stoeva I 5 1. The concepts of “On 
some generalizations of fuzzy continuous functions” was introduced by G. Balasubramanian and 
P. Sundaram . The concepts of “ Generalized intuitionistic fuzzy closed sets ” was introduced 
by R. Dliavaseelan, E. R.oja and M. K. Uma t 9 l. The concepts of “fuzzy contra continuous” was 
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introduced by E. Ekici and E. Kerre I 10 ! . 

In this paper the following concepts are generalized intuitionistic fuzzy contra continuous 
function, strongly generalized intuitionistic fuzzy contra continuous function and generalized 
intuitionistic fuzzy contra irresolute are studied. The concepts of generalized intuitionistic 
fuzzy S'-closed and strongly generalized intuitionistic fuzzy ^-closed are studied. The concepts 
of generalized intuitionistic fuzzy compact spaces and generalized intuitionistic fuzzy almost 
compact spaces are established. The concepts of generalized intuitionistic fuzzy filter and 
intuitionistic fuzzy C-convergent are established. Some properties are investigated with some 
illustrations. 



§2. Preliminaries 

Definition 2.lJ 3 l Let A be a nonempty fixed set. An intuitionistic fuzzy set ( IFS for 
short) A is an object having the form A = {(x, ha( x), 5a{x)) : x £ X} where the function 
Ha ■ X — + I and 5a '■ X — > I denote the degree of membership (namely ha{x)) and the 
degree of nonmembership (5,4 (x)) of each element x £ X to the set A, respectively, and 0 < 
Ha{x) + 5a(x) < 1 for each x £ X. 

Definition 2.2. 1 3 1 Let X be a nonempty set and the intuitionistic fuzzy sets A and B in 
the form A = {(x, ha{x ), 5a{x)) : x £ A}, B = {(x, hb{x), 5b(x)) : x £ A}. Then 

(a) A C B iff ha{x) < hb{x) and 5a{x) > 5b{x ) for all x £ A; 

(b) A = B iff A C B and B C A; 

(c) A = {(x, 5 a ( x), Ha{x)) : x £ A}; 

(d) dnB= {(x, Ha(x) a Hb(x), 5a(x) V S B (x)) : x £ A}; 

(e) AU B = {{x, ha{x)V hb{x), 5a(x) A 5 b (x)) : x £ A}; 

( f ) [ ] A = Ha{x), 1 - Ha(x)) : x £ A}; 

(g) ( )A = {(x, 1 - S A (x), 5 a (x)) : x £ A}. 

Definition 2.3. 1 3 1 Let {A; : i £ J} be an arbitrary family of intuitionistic fuzzy sets in 
A. Then 

(a) C\A i = {(x, A haAx), VS Ai ( x )) '■ x £ x }\ 

(b) 1J Ai = {(x, VhaAx), A S Ai (x)) : x £ A}. 

Since our main purpose is to construct the tools for developing intuitionistic fuzzy topo- 
logical spaces, we must introduce the intuitionistic fuzzy sets 0^, and 1^ in A as follows: 

Definition 2.4. 1 3 1 0^ = {{x, 0, 1) : x £ X} and 1^ = {(x, 1, 0) : x £ A}. 

Here are the basic properties of inclusion and complementation: 

Corollary 2.1.1 3 ! Let A, B , C be intuitionistic fuzzy sets in A. Then 

(a) A C B and CCB=j> AllCCBUD and A n C C B D D\ 

(b) A C B and A C C =>■ A C B n C; 

(c) A C C and B C C => A U B C C; 

(d) A C B and B C C => A C C\ 

(e) AUB = InB; 

(f) AXVB = IUB; 

(g) ACB^BCl; 
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(h ){A) = A; 

(i) 1~ = 0„; 

(j) 0. = 1„. 

Now we shall define the image and preimage of intuitionistic fuzzy sets. Let X and Y be 
two nonempty sets and / : X — > Y be a function. 

Definition 2.5. I 3 1 (a) If B = {{ y , y B (y), S B (y)) '■ y & Y} is an intuitionistic fuzzy set 
in y, then the preimage of B under /, denoted by is the intuitionistic fuzzy set in X 

defined by / _1 (B) = {(a:, f~ 1 (S B )(x)) : x £ X}. 

(b) If A = {(a:, A a(x), $a(x)) : x £ Xj is an intuitionistic fuzzy set in X, then the 
image of A under /, denoted by f(A ), is the intuitionistic fuzzy set in Y defined by f(A) = 
{( y , (i - /(i - i?A))(y)) ■■ yeY}. 

Where 



f(*A)(y) = 



SaPxGf — 1 (y) 

0, 



if / 1 (y) ^ 0; 

otherwise, 






infxe/-i (y) 0a{x), if / 1 (y) ± 0; 
1, otherwise. 



For the sake of simplicity, let us use the symbol /-(Da) for 1 — /(I — $ a). 

Corollary 2.2. 1 3 1 Let A, Ai(i £ J) be intuitionistic fuzzy sets in A", B, Bi{i £ K) be 
intuitionistic fuzzy sets in Y and / : X — A a function. Then 

(a) Ai C A 2 => /( A r) C f(A 2 ); 

(b) B 1 CB 2 ^ f-HBi) C f~\B 2 )- 

(c) A C f~ 1 (f(A)) { If / is injective, then A = / -1 (/(A)) }; 

(d) /(/ _1 (5)) C B { If / is surjective, then /(/ _1 (B)) = B }; 

(e) r 1 (us j ) = ur 1 (B J -); 

(f) /- i (nsi) = n/- 1 (^); 

(g) /(UA:) = U/(A); 

(h) /(f| -4*) C fl /(^i) { If / is injective, then /(f) A;) = f| f(A z )}; 

(i) r l (M = u ; 
a) /- x (o~) = cu 

(k) /(l^) = 1^, if / is surjective; 

( l ) /( 0 ~) = 0 ~; 

(m) f(A) C /(A), if / is surjective; 

(n) f-\B) = J^(B). 

Definition 2.6. i 13 i An intuitionistic fuzzy set A of intuitionistic fuzzy topological space 
X is called a intuitionistic fuzzy regular closed set if I F cl(I Fint(A)) = A. 

Equivalently An intuitionistic fuzzy set A of intuitionistic fuzzy topological space X is 
called a intuitionistic fuzzy regular open set if IFint(IFcl(A)) = A. 

Definition 2.7.^ Let (X, T) be an intuitionistic fuzzy topological space. An intuitionistic 
fuzzy set A in (A, T) is said to be generalized intuitionistic fuzzy closed (in shortly GIF closed) 
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if IFcl (A) C G whenever A C G and G is intuitionistic fuzzy open. The complement of a GIF- 
closed set is GIF open. 

Definition 2.8. ^ Let (A', T) be an intuitionistic fuzzy topological space and A be an 
intuitionistic fuzzy set in A. Then intuitionistic fuzzy generalized closure (in short IF Gel) and 
intuitionistic fuzzy generalized interior (in short IFGint) of A are defined by 

(a) IFGcl(A) = f]{G : G is a GIF closed set in X and A C G }. 

(b) IFGint(A) = (J{G? : G is a GIF open set in X and A A G}. 

Definition 2.9. 1 11 ! A nonvoid family F of GIF sets on X is said to be generalized intu- 
itionistic fuzzy filter (in short GIF filter) if 

(1) 0. i F; 

(2) If A, B € F then AnBeF; 

(3) If A € F and A C B then B £ F. 

§3. Generalized intuitionistic fuzzy contra continuous func- 
tion 

Definition 3.1. Let (A, T) and (Y, S) be any two intuitionistic fuzzy topological spaces. 

(a) A map / : (A, T ) — > (Y, S) is called intuitionistic fuzzy contra continuous (in short 
IF contra continuous) if the inverse image of every open set in (Y, S) is intuitionistic fuzzy 
closed in (A, T). 

Equivalently if the inverse image of every closed set in (Y, S) is intuitionistic fuzzy open 
in (A, T). 

(b) A map / : (A, T) — > (Y, S) is called generalized intuitionistic fuzzy contra continuous 
(in short GIF contra continuous) if the inverse image of every open set in (Y, S) is GIF closed 
in (A, T). 

Equivalently if the inverse image of every closed set in (Y, S) is GIF open in (A, T). 

(c) A map / : (A, T ) — * (Y, S) is called GIF contra irresolute if the inverse image of 
every GIF closed set in (Y, S) is GIF open in (A', T). 

Equivalently if the inverse image of every GIF open set in (Y, S) is GIF closed in (A, T). 

(d) A map / : (A', T) — > (Y, S) is said to be strongly GIF contra continuous if the inverse 
image of every GIF open set in (Y, S) is intuitionistic fuzzy closed in (A, T). 

Equivalently if the inverse image of every GIF closed set in (Y, S) is intuitionistic fuzzy 
open in (A, T). 

Proposition 3.1. Let / : (A, T ) — > (Y, S) be a bijective map. Then / is GIF contra 
continuous mapping if IFcl(f(A)) C f(IFGint(A )) for every intuitionistic fuzzy set A in 
(A, T). 

Proposition 3.2. Let (A', T ) and (Y, S) be any two intuitionistic fuzzy topological 
spaces. Let / : (A, T) — > (Y, S) be a map. Suppose that one of the following properties hold. 

(a) f(IFGd(A)) C IFint(f(A)) for each intuitionistic fuzzy set A in (A, T ). 

(b) IFGcl(f~~ 1 (B)) C f~ 1 (IFint(B)) for each intuitionistic fuzzy set B in (Y, S). 

(c) f~ 1 (IFcl(B)) C IFGint(f~ 1 (B)) for each intuitionistic fuzzy set B in (Y, S). 

Then / is GIF contra continuous mapping. 
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Proposition 3.3. Let (A', T) and (Y, S) be any two intuitionistic fuzzy topological 
spaces. Let / : (A, T) — > (Y, S) be a map. Suppose that one of the following properties hold. 

(a) f~ 1 {IFGcl{A )) C IFGint{IFGcl{f~ 1 {A)) for each intuitionistic fuzzy set A in (Y, S). 

(b) IFGcl(IFGint(f~ 1 (A))) C f~ 1 (IFGint(A)) for each intuitionistic fuzzy set A in 
(Y, S). 

(c) / (/ FGcl(I FGint(A))) C IFGint{f(A )) for each intuitionistic fuzzy set A in (A', T). 

(d) f(IFGcl(A)) C IFGint(f(A)) for each intuitionistic fuzzy set A in (A, T). 

Then / is GIF contra continuous mapping. 

Proposition 3.4. Let (A', T ) and (Y, S) be any two intuitionistic fuzzy topological 
spaces. If / : (A, T ) — > (Y, S) is intuitionistic fuzzy contra continuous then it is GIF contra 
continuous. 

The converse of Proposition 3.4 is not true. See Example 3.1. 

Example 3.1. Let A = {a, 6, c}. Define intuitionistic fuzzy sets A and B as follows 



A — G ( a b c \ ( a 

^ 1 0.4 1 0.5 ’ 0.40 VO. 4’ 



v0.4’ 0.4’ 0.4 



)) 



and 



B = (x (— — —) (— — —)) 

o V'-) v 0.3 ’ 0.4’ 0.30 Vo. 5’ 0.6’ 0.7/0 

Then T = {0 L, A} and S' = {CL, L, B} are intuitionistic fuzzy topologies on A. Thus 

(A, T) and (A, S) are intuitionistic fuzzy topological spaces. Define / : (A, T) — > (A, S) as 
f(a) = b, f(b) = a, f(c) = c. Clearly / is GIF contra continuous. But / is not intuitionistic 
fuzzy contra continuous. Since, f~ 1 (B) £ T for B £ S. 

Proposition 3.5. Let (A, T) and (Y, S) be any two intuitionistic fuzzy topological 
spaces. If / : (A, T ) — > (Y, S) is GIF contra irresolute then it is GIF contra continuous. 

The converse of Proposition 3.5 is not true. See Example 3.2. 

Example 3.2. Let A = {a, b , c}. Define the intuitionistic fuzzy sets A, B and C as 
follows. 



A = (x, ( 



and 



a 


b 


O. 5 )’ ( 


a 


b 


c ' 


htf 

6 


0.4’ 


0.5’ 


0.5’ 


0.5 / 


' a 


b 


05 )’ ( 


a 


b 


c 


-0.7’ 


0.6’ 


0.3’ 


0.4’ 


0.5 


a 


b 


0 I 5 )’ ( 


a 


b 


c ' 


0.4’ 


0.5’ 


0.4’ 


0.5’ 


0.5 ' 



)), 



)>■ 



C=(x, ( c 

T = {CL, L, A, B} and S = {CL, L, C} are intuitionistic fuzzy topologies on A. Thus 
(A, T) and (A', S) are intuitionistic fuzzy topological spaces. Define / : (A, T ) — > (A, S) 
as follows /(a) = 6, f(b) = a, /(c) = c. Clearly / is GIF contra continuous. But / is not 
GIF contra irresolute. Since D = (x, (^, ^), (^, ^)) is GIF closed in (A, 5), 

f~ 1 (D) is not GIF- open in (A, T). 

Proposition 3.6. Let (A, T) and (Y, S) be any two intuitionistic fuzzy topological 
spaces. If / : (A, T) — > (Y, S) is strongly GIF contra continuous then / is intuitionistic fuzzy 
contra continuous. 

The converse Proposition 3.6 is not true. See Example 3.3. 

Example 3.3. Let A = {a, 6, c}. Define the intuitionistic fuzzy sets A, B and C as 
follows. 
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A = ( X , 
B = ( x , 



a 


b 


c \ ( a 


b 


c ' 


0.3’ 


0.2 ’ 


0.2'’ V 0.4 ’ 


0.5’ 


0.5 > 


' a 


b 


c \ (a 


b 


c 


vO.l ’ 


0.1 ’ 


0.1'’ VO. 9’ 


0.9’ 


0.9 



and 



C={ x,( 



0.9’ 



b 

0.9’ 



0.9 



), 



( a & 
VQ.l’ 0.1’ 



c 

0.1 



)>■ 



T = {CL, 1^, A, B} and S = {CL, 1^, C} are intuitionistic fuzzy topologies on X. Thus 
( X , T) and ( X , S) are intuitionistic fuzzy topological spaces. Define / : (X, T) — > (X, 5) as 
follows /(a) = a, /(b) = b, f{c) = b. Clearly / is intuitionistic fuzzy contra continuous. But / 
is not strongly GIF contra continuous. Since D = ( x , (^, ^), (^-, g, g^)) is GIF 

open in (X, S), f~ 1 (D) is not intuitionistic fuzzy closed in (X, T). 

Proposition 3.7. Let (X', T ) and (X, S) be any two intuitionistic fuzzy topological 
spaces. If / : (X, T) — > ( Y , S) is strongly GIF contra continuous then / is GIF contra 

continuous. 

The converse Proposition 3.7 is not true. See Example 3.4. 

Example 3.4. Let X = {a, b , c}. Define the intuitionistic fuzzy sets A , B and C as 
follows. 



A = ( X > (o4> 
B = (T6> 



b 

0.5 > 
b 

0.7 ’ 



— 1 
o.S' 1 ’ 

— 1 
0.5 ' 1 



( — 
V0.5’ 

( — 
v 0.4 1 



— —)) 
0.5’ 0.5"’ 

— —)) 
0.3’ 0.5 



and 



C=(x, 



( — 

V 0.4 ’ 



b c \ f a 
0.4’ 0.5'’ v 0.4 ’ 



b 

0.4’ 



c 

0.5 



)>■ 



T = {0^, 1^,, A , B} and S = {CL, 1^, C} are intuitionistic fuzzy topologies on X' . Thus 
(X , T) and (X', S) are intuitionistic fuzzy topological spaces. Define / : (X, T) —* (X, S) 
as follows /(a) = c, f(b) = c, /(c) = c. Clearly / is GIF contra continuous. But / is not 
strongly GIF contra continuous. Since D = ( x , (^, jfg), (^j, ^)) is a GIF open 

set in (X, S), f~ 1 (D) is not intuitionistic fuzzy closed in (X, T). 

Proposition 3.8. Let (X, T) and (Y, S) be any two intuitionistic fuzzy topological 
spaces. If / : (X, T) — > (Y, S) is strongly GIF contra continuous then / is GIF contra 

irresolute. 

The converse Proposition 3.8 is not true. See Example 3.5. 

Example 3.5. Let X = {a, b , c}. Define the intuitionistic fuzzy sets A , B and C as 
follows. 



A = (x, 
B = (x, 



( a b c \ f a b c \ \ 

V0. 9’ 0.9’ 0.9'’ Vo.l’ 0.1’ 0 . 1 '/’ 

/ a b c \ f a b c\\ 
V0. 99’ 0.99’ 0.99'’ VQ’ 0.01’ 0'/ 



and 



v ( a b c \ l a 
. ’ to. 9 J 0.9 ’ 0.9'’ to.l’ 



- — L 

0’ 0.05 '/• 



T = {0^, 1^, A, B} and S = {CL, 1~, C} are intuitionistic fuzzy topologies on X. Thus 
(X, T) and (X, S) are intuitionistic fuzzy topological spaces. Define / : (X, T) — > (X, S) as 
follows /(a) = a, /(b) = c, /(c) = b. Clearly / is GIF contra irresolute. But / is not strongly 
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GIF contra continuous. Since D = ( x , (g%, q^, 0%); (0%, (Tm)) a GIF open set in 

(X, 5), f~ 1 (D) is not intuitionistic fuzzy closed in ( X , T). 

Proposition 3.9. Let ( X , T ) , (Y, S) and (Z, R ) be any three intuitionistic fuzzy topo- 
logical spaces. Let / : ( X , T) — > (Y, 5) and g : (Y, 5) — > (Z, i?) be maps. 

(i) If / is GIF contra irresolute and g is GIF contra continuous then gof is GIF continuous. 

(ii) If / is GIF contra irresolute and g is GIF continuous then gof is GIF contra 
continuous. 

(iii) If / is GIF irresolute and g is GIF contra continuous then g o f is GIF contra 
continuous. 

(iv) If / is strongly GIF contra continuous and g is GIF contra continuous then g o f is 
intuitionistic fuzzy continuous. 

(v) If / is strongly GIF contra continuous and g is GIF continuous then gof is intuitionistic 
fuzzy contra continuous. 

(vi) If / is strongly GIF continuous and g is GIF contra continuous then g o f is intu- 
itionistic fuzzy contra continuous. 

Definition 3.2. An intuitionistic fuzzy topological space (X, T ) is said to be intuitionistic 
fuzzy Tj /2 if every GIF closed set in (X, T ) is intuitionistic fuzzy closed in (X, T). 

Proposition 3.10. Let (X, T), (Y, S) and (Z, R) be any three intuitionistic fuzzy topo- 
logical spaces. Let / : (X, T) — > (Y, S) and g : (Y, S) — > {Z. R) be mapping and (Y, S) be 
intuitionistic fuzzy TY 2 if / and g are GIF contra continuous then g o f is GIF continuous. 

The Proposition 3.10 is not valid if (Y, S) is not intuitionistic fuzzy 7\/ 2 . See Example 
3.6. 

Example 3.6. Let X = {a, b, c}. Define the intuitionistic fuzzy sets A, B, C and D as 
follows. 



and 



A = 


{ x , 


(— 
VO. 3’ 


b 

0.3’ 


— ) ( — 
0.4/’ Vo.4’ 


b 

0.5’ 


c ' 
0.5 ' 


B = 


(x, 


( — 
V0. 6’ 


b 

0.6’ 


— ) ( — 
0.6/’ Vo. 3’ 


b 

0.3’ 


c ' 

0.3 - 


C = 


(x, 


(-*- 
'v 0.4 5 


b 

0.5’ 


-9-) 

0.4/’ Vo.4’ 


b 

0.4’ 


c 

0.4 



D = (x (— — —1 (— — — Y 

Then the family T = {CY, 1^. A, B}, S = {0^, 1^, C} and R = {0^, 1^, D} are 

intuitionistic fuzzy topologies on X. Thus (X', T) , (X, S) and (X, R) are intuitionistic fuzzy 
topological spaces. Also define / : (X, T) — > (X, S) as /(a) = a, f(b ) = 6, /(c) = b and 
g : (X, S ) — > (X, R) as g(a) = b , g(b) = a , g(c) = c. Then / and g are GIF contra 

continuous functions. But g o f is not GIF continuous. For D is intuitionistic fuzzy open in 

(X, R). f~ 1 (g~ 1 (D)) is not GIF open in (X, T ). gof is not GIF continuous. Further (X, S) 

is not intuitionistic fuzzy T i/ 2 . 

Proposition 3.11. Let (X, T), (Y, S) and (Z, R) be any three intuitionistic fuzzy topo- 
logical spaces. Let / : (X', T) — > (Y, S) and g : (Y, S) — > (Z, R) be mapping and (Y, S ) 
be intuitionistic fuzzy 7) / 2 if / is intuitionistic fuzzy contra continuous and g is GIF contra 
irresolute then g o f is strongly GIF continuous. 
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The Proposition 3.11 is not valid if (Y, S ) is not intuitionistic fuzzy T\/%. See Example 

3.7. 

Example 3.7. Let A = {a, b, c}. Define the intuitionistic fuzzy sets A, B, C and D as 
follows. 

A 
B 
C 

and 



Then the family T = {0^, 1^, A, B}, S = {0^, 1^. C} and R = {0^, 1^, D} are 
intuitionistic fuzzy topologies on X. Thus ( X , T), (A, S) and (X, R) are intuitionistic fuzzy 
topological spaces. Also define / : (A, T) — > (A, S) as f(a) = a, f(b) = a, /(c) = b and 
g : (A, S) — + (A, R) as g(a) = c, g(b) = a , g(c) = b. Then / is intuitionistic fuzzy contra 
continuous and g is GIF contra irresolute. But g o / is not strongly GIF continuous. For D 
is GIF open in (A, R). f~ 1 (g~ 1 (D)) is not intuitionistic fuzzy open in (A, T). g o f is not 
strongly GIF continuous. Further (A, S ) is not intuitionistic fuzzy T]/ 2 . 

Definition 3.3. Let A be a non-empty set and a; £ A a fixed element in A. If r £ Jo, 
s£li are fixed real number such that r+s < 1 then the intuitionistic fuzzy set x r<s = ( y , x r , x s ) 
is called an intuitionistic fuzzy point in A, where r denotes the degree of membership of x r s , 
s denotes the degree of nonmembership of x r ^ s . The intuitionistic fuzzy point x r , s is contained 
in the intuitionistic fuzzy set A iff r < ha(x), s > 6a(x). 

Proposition 3.12. Let (A, T ) and (Y, S) be any two intuitionistic fuzzy topological 
spaces. For a function / : (A, T) — > (Y, S) the following statements are equivalents: 

(a) / is GIF contra continuous mapping. 

(b) For each intuitionistic fuzzy point x TjS of A and for each intuitionistic fuzzy closed set 
B of (' Y , S) containing f(x r , a ), there exists a GIF open set A of (A, T) containing x r , s , such 
that A C / _1 (J?). 

(c) For each intuitionistic fuzzy point x r ^ s of A and for each intuitionistic fuzzy closed set 
B of (Y. S ) containing f(x r>8 ), there exists a GIF open set A of (A, T ) containing x rjS , such 
that f(A) C B. 

Proof. (a)=>(b) Let / is GIF contra continuous mapping. Let B be an intuitionistic fuzzy 
closed set in (Y, S ) and let x r<a be an intuitionistic fuzzy point of A, such that /(av,s) G B. 
Then x r ^ s £ f~ 1 (B) 1 x TiS € f~ 1 {B) = IFGint{f~ 1 {B)). Let A = IFGint(f~ 1 (B)), then A is 
a GIF open set and A = IFGint{f~ 1 {B)) C / _1 (i3). This implies A C / -1 (J?). 

(b) =>(c) Let B be an intuitionistic fuzzy closed set in (Y, S) and let x r , s be an intuitionistic 
fuzzy point in A, such that f(x rjS ) £ B. Then x r , s £ f~ x {B). By hypothesis f~ 1 (B) is a GIF 
open set in (A', T) and A C / -1 (J?). This implies f(A) C /(/ -1 (I?)) C B. 

(c) =>(a) Let B be an intuitionistic fuzzy closed set in (Y, S) and let a.y iS be an intuitionistic 
fuzzy point in A, such that f(x r , 8 ) £ B. Then x r , s £ f~ 1 (B). By hypothesis there exists a 
GIF open set A of (A, T), such that x r , s £ A and f{A) C B. This implies x r . s £ A C 
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/ 1 (f(A)) C / 1 (B). Since A is GIF open, A = IFGint(A) C IFGint(f 1 (B)). Therefore 
x r , s G IFGint(f~ 1 (B)) 1 f~\B) = [j x ^ ef - HB) (x r ,s) Q IFGint(f~\B) C Hence 

f~ 1 (B) is a GIF open set in (X, T). Thus / is GIF contra continuous mapping. 

Definition 3.4. Let (A', T) and ( Y , S') be any intuitionistic fuzzy topological spaces. 
Let / : (A, T) — > (Y, S) be a mapping. The graph g : X — > A x Y of / is defined by 
vO) = (x, /(x)), Vs G A. 

Proposition 3.13. Let (A, T ) and (Y, S) be any two intuitionistic fuzzy topological 
spaces. Let / : (A, T) — > (Y, S) be any mapping. If the graph g : X — » X x Y of / is G/F 
contra continuous then / is also GIF contra continuous. 

Proof. Let A be an intuitionistic fuzzy open set in (Y, S). By definition f~ 1 (A) = 
D/” 1 ( J 4) = 5 -1 (l~ x ^)- Since g is GIF contra continuous, g -1 (l^ x A) is GIF closed in 
(A, T). Now f~ 1 (A) is a GIF closed set in (A, T). Thus / is GIF contra continuous. 

Proposition 3.14. Let (A, T ) and (Y, S ) be any two intuitionistic fuzzy topological 
spaces. Let / : (A, T ) — > (Y, S ) be any mapping. If the graph g : X — > X x Y of / is strongly 
GIF contra continuous then / is also strongly GIF contra continuous. 

Proof. Let A be an GIF open set in (Y, S). By definition / _1 (A) = l^f)/” 1 (A) = 
g~ 1 ( 1~ x A). Since g is strongly GIF contra continuous, g -1 ( 1^ x A) is intuitionistic fuzzy 
closed in (A, T). Now f~ 1 (A) is a intuitionistic fuzzy closed set in (A, T). Thus / is strongly 
GIF contra continuous. 

Proposition 3.15. Let (A, T) and (Y, S ) be any two intuitionistic fuzzy topological 
spaces. Let / : (A, T) — > (Y, S) be any mapping. If the graph g : A -» A x Y of / is GIF 
contra irresolute then / is also GIF contra irresolute. 

Proof. Let A be an GIF open set in (Y, S). By definition / -1 (H) = l^f)/ _1 (A) = 
< 7 _1 ( 1^ x A). Since g is GIF contra irresolute, g _1 (l^ x A) is GIF closed in (A, T). Now 
/ -1 (A) is a GIF closed set in (A, T). Thus / is GIF contra irresolute. 

Definition 3.5. Let (A, T) be an intuitionistic fuzzy topological space. If a family 
{(cc, gQi , Sg^ '■ i G J} of GIF open sets in (A, T) satisfies the condition (J{ (a:, ■ 

i G J} = 1^ then it is called a GIF open cover of (A, T). 

Definition 3.6. A finite subfamily of a GIF open cover {(x, g,Q i , 5ci) '■ i G J} of (A, T ) 
which is also a GIF open cover of (A, T) is called a finite subcover of {(x, gc, , bcj-i ) '■ i G J}. 

Definition 3.7. An intuitionistic fuzzy topological space (A, T) is called GIF compact 
iff every GIF open cover of (A, T) has a finite subcover. 

Proposition 3.16. Let (A, T ) and (Y, S) be any two intuitionistic fuzzy topological 
spaces and / : (A, T) — > (Y, S) be GIF contra continuous surjection. If (A, T) is GIF 

compact then so is (Y, S). 

Proof. Let Gi = {(y, go, , fcj ; i G J} be an intuitionistic fuzzy closed in (Y, S). 
1 — Gt be an intuitionistic fuzzy open cover in (Y, S) with (J{ (1 — y, 1 — /jq,, 1 — Sci ) : i G J} 
= Uigjl ~ Gi = 1^. Since / is GIF contra continuous, f~ 1 (Gi)={(x, /ry-i(G-), Sf-i(Gi)} '■ 
i £ J} is GIF open cover of (A, T). Now (J ie j/ _1 (G») = / _1 (Uigj G 'i) = 1~- Since (A, T) 
is GIF compact, there exists a finite subcover J 0 C J such that Uigj 0 / -1 (Gi) = 1~. Hence 
f (VieJo f-HGi)) = 1~, ff-H{J ieJo (Gi)) = U 6 j 0 (1-G<) = 1~. That°is, U JeJo (l-G,) = U. 

Therefore (Y, S) is intuitionistic fuzzy compact. 
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Definition 3.8. (i) An intuitionistic fuzzy set A of intuitionistic fuzzy topological space 
X is called a GIF regular closed set if IFGcl{IFGint(A)) = A. 

Equivalently An intuitionistic fuzzy set A of intuitionistic fuzzy topological space X is 
called a GIF regular open set if IFGint(IFGcl(A)) = A. 

(ii) An intuitionistic fuzzy topological space (A', T) is called a intuitionistic fuzzy S-closed 
space if each intuitionistic fuzzy regular closed cover of X has a finite subcover for X. 

(iii) An intuitionistic fuzzy topological space (X, T) is called a GIF S-closed space if each 
GIF regular closed cover of X has a finite subcover for X. 

(iv) An intuitionistic fuzzy topological space (X, T) is called a strongly intuitionistic fuzzy 
S'-closed space if each intuitionistic fuzzy closed cover of X has a finite subcover for X. 

(v) An intuitionistic fuzzy topological space (X, T) is called a strongly GIF S-closed space 
if each GIF closed cover of X has a finite subcover for X. 

Proposition 3.17. Every strongly GIF S-closed space of (A', T) is GIF S-closed. 

Proof. Let (X, T) be strongly GIF S-closed space and let (J ieJ (Gj) — 1^. Where 
{Gi}i£j is a family of GIF regular closed sets in (X, T). Since every GIF regular closed is a 
GIF closed set, = 1~ and (X, T) is strongly GIF S-closed implies that there exists 

a finite subfamily {Gi}ieJ 0 cJ> such that U;ej 0 (Gi) = 1~- Here the finite cover of X by GIF 
regular closed sets has a finite subcover. Therefore (A', T) is GIF S-closed. 

Proposition 3.18. Let (X, T) and ( Y , S ) be any two intuitionistic fuzzy topological 
spaces and let / : (X, T) — > (Y, S) be GIF contra continuous function. If (A', T) is strongly 
GIF S-closed space then (Y, S) is intuitionistic fuzzy compact. 

Proof. Let G, = {(y, hgAv)i ^gAv)) '■ * € J} be intuitionistic fuzzy open cover of (Y, S) 
and let U ieJ (Gj) = 1^. Since / is GIF contra continuous, / _1 (Gj) = {(x, Hf-itc-Ax), Sf-ira ) 
(x))} is GIF closed cover of (X, T) and \J ie j = / _1 (U ie j(G l )) = U. Since (X, T) 

is strongly GIF S-closed, there exists a finite subcover J 0 C J, such that |J ieJo rHGi) = u. 
Hence /(U ie j 0 / _1 (Gi)) = //" 1 (U ie j 0 (G i )) = U e j 0 (Gi) = U- Therefore (Y, S) is intuition- 
istic fuzzy compact. 

Proposition 3.19. Let (X, T ) and (Y, S) be any two intuitionistic fuzzy topological 
spaces and let / : (X, T) — > (Y, S) be strongly GIF contra continuous function. If (X, T) is 
intuitionistic fuzzy compact space then (Y, S) is GIF S-closed. 

Proof. Let Gj = {(y, hgAv)i ?>Gi(y)) '■ i € J} be GIF regular closed cover of (Y, S). 
Every GIF regular closed set is GIF closed set, let Ui G j(Gi) = 1~- Since / is strongly GIF 
contra continuous, /^ 1 (Gi) = {(x, At/-i(Gi)(x), t>/- 1 (G i )( a '))} is intuitionistic fuzzy open cover 
of (X, T) and Uigj/ _1 (Gi) = f~ 1 {{J i& j(G i )) = 1^. Since (X, T) is intuitionistic fuzzy 
compact space, there exists a finite subcover J 0 C J, such that Uigj 0 / -1 (Gi) = 1~. Hence 
/( U e j 0 f~HGi)) = // _1 (UieJ 0 (G*)) = IWGi) = 1~. Therefore (Y, S) is GIF S- closed. 

Proposition 3.20. Let (X, T ) and (Y, S) be any two intuitionistic fuzzy topological 
spaces and let / : (X, T) — > (Y, S) be GIF contra irresolute. If (A', T) is GIF compact space 
then (Y, S) is strongly GIF S'-closed. 

Proof. Let Gj = {(y, n gAv )> &gAv)) '■ * € be GIF closed cover of (Y, S) and let 
U 6J (Gj) = 1^. Since / is GIF contra irresolute, / 1 (Gj) = {(x, /r^-i( G .)(x), '5/-i(G i )( a; ))} 
is GIF open cover of (X, T) and \J ie j f~ 1 {Gi) = f~ 1 {\J i& j(Gi)) = 1^. Since (A', T) is 
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GIF compact space, there exists a finite subcover J 0 C J, such that (J igJo f-HGi) = 1 ~- 
Hence f({J ie j 0 / _ 1 ( G i)) = // _ 1 (U 6 j 0 ( G i)) = UieJ 0 ( G i) = !— Therefore (V, 5) is strongly 
GIF ^-closed. 

Definition 3.9. An intuitionistic fuzzy topological space A is called almost compact space 
if each intuitionistic fuzzy open cover of X has finite subcover, the intuitionistic fuzzy closure 
of whose members cover X. 

Definition 3.10. An intuitionistic fuzzy topological space A' is called GIF almost compact 
space if each GIF open cover of X has finite subcover, the GIF closure of whose members cover 

A. 

Proposition 3.21. Let (A, T) and (Y, S) be any two intuitionistic fuzzy topological 
spaces and let / : (A, T) — > (Y, S) be GIF contra irresolute and onto mapping. If (A, T) is 
GIF compact space then (Y, S) is GIF almost compact. 

Proof. Let Gi = {( y , /icy (y), (5c, : (y)) : i £ J} be GIF open cover of (Y, S ). Then 
= UigjCj C |J i£j(IFGcl(Gi)). Since / is GIF contra irresolute, f~ 1 (IFGcl(Gi)) is 
GIF open cover of (A, T) and (J i&J f~ 1 (IFGcl(G i )) = 1^. Since (A, T) is GIF compact, 
there exists a finite subcover J 0 C J, such that \J iGJo f~ 1 (IFGcl(Gi)) = 1^. Hence 1^ = 
fiVxJof-HlFGdiGi))) = ff-HUiej 0 ( IF Gd{Gi))) 0 = U ieJo (IFGd(Gi). Therefore (Y, S) 
is GIF almost compact. 

Definition 3.11. (i) A nonempty family F of GIF open sets on (A, T ) is said to be a 
GIF filter if 

(1) 0. i F; 

( 2 ) If A, BeF then AnB £ F; 

(3) If A £ F and A C B then B £ F; 

(ii) A nonempty family B of GIF open sets on F is said to be a GIF filter base if 

(1) CL i B; 

( 2 ) If Bi, B 2 £ B then B 3 C B\ D B 2 for some S 3 £ B; 

(iii) A GIF filter F is called GIF convergent to a intuitionistic fuzzy point x r , s of a 
intuitionistic fuzzy topological space (A, T) if for each GIF open set A of (A, T ) containing 
x rtS , there exists a intuitionistic fuzzy set B £ F such that B C A; 

(iv) A intuitionistic fuzzy filter F is said to be intuitionistic fuzzy C-convergent to a intu- 
itionistic fuzzy point x r , s of a intuitionistic fuzzy topological space (A, T) if for each intuition- 
istic fuzzy closed set A of (A, T) containing x r ^ s , there exists a intuitionistic fuzzy set B £ F 
such that B C A. 

Proposition 3.22. Let (A, T) and (Y, S) be any two intuitionistic fuzzy topological 
spaces. A mapping / : (A, T) — > (Y, S) is GIF contra continuous. If for each intuitionistic 
fuzzy point x rtS and each GIF filter F in (A", T) is GIF convergent to x r ^ s then intuitionistic 
fuzzy filter /(F) is intuitionistic fuzzy C-convergent to f{x r ^ s ). 

Proof. Let x r , s = (x, x r , x s ) be a intuitionistic fuzzy point and F be any GIF filter 
in (A, T) is GIF convergent to x rtS . Since / is GIF contra continuous mapping, for each 
intuitionistic fuzzy closed set A containing f(x T:S ), there exists a GIF open set B of (A, T) 
containing ay..,, such that f(B) C A. Since F is GIF convergent to x r , s , there exists intuition- 
istic fuzzy set C £ F such that C C B. Then /(C) C f(B) C A. That is /(C) C A. Hence the 
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intuitionistic fuzzy filter /(F) is intuitionistic fuzzy C-convergent to /(av jS ). 
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Abstract Let {T n } = {1, 2, 10, 11, 12, 100, 101, 102, 110, 1000, 1001, 1002, 1010, 1011, 10000, 
10001, 10002, 10010, 10011, 10012, 100000, 100001, 100002, 100010, 100011, 100012, 100100, 
1000000, 1000001,1000002, 1000010, 1000011,1000012, 1000100, •••} denotes the triangular 
base sequence. The main purpose of this paper is using the elementary method and the 
properties of the geometric progression to study the convergent properties of the series con- 
sists of reciprocal elements of the set and the asymptotic properties of the triangular base 
sequence, then proved that the series is convergent and obtained an asymptotic 

formula for ln(T„). 

Keywords Triangular base, convergent properties, asymptotic formula, elementary method. 



§1. Introduction and main results 

American-Romanian number theorist F. Smarandaclre introduced hundreds of interesting 
sequences and unsloved problems in reference [1] and [2] , many authors had studied these prob- 
lems before and obtained some interesting results, see reference [3] and [4]. In [1], he denotes tri- 
angular base sequence: {T n } = {1, 2, 10, 11, 12, 100, 101, 102, 110, 1000, 1001, 1002, 1010, 1011, 
10000 , 10001 , 10002 , 10010 , 10011 , 10012 , 100000 , 100001 , 100002 , 100010 , 100011 , 100012 , 100100 , 
1000000, 1000001, 1000002, 1000010, 1000011, 1000012, 1000100, . . .}. In a general case: if we 
want to design a base such that any number 

n 

A = (a n ■ ■ ■ a 2 a i ) B = ^ aA, 

i=l 

with all a,; = 0, 1, • • • , U for i > 1, where t; > 1, then the base should be b\ = 1, bi + i = (ti + l)*bi 
for i > 1. 

Numbers written in the triangular base defined as follows: t{n) = " 9 +1 ^ , n > 1. So we 
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can easily get the first several terms: 



1 

2 

3 



i MI ±11. 

2 

o 1(1 + 1) . 

2 

, 2 ( 2 + 1 ) , n 1(1 + 1 ) 

2 + 2 ’ 



3(3+1) | Q 2(2 + 1) | 2 1(1 + 1) . 



So in this sequence Tf = ai = 1, I2 = «i = 2, T3 = 0201 = 10, • • • , Tg = 030201 = 102, • • • . we 
note that in the triangular base sequence cq can only to be 0, 1, 2 and a n ^ 0. 

There have no people studied the properties of this sequence until now, at least we couldn’t 
find any reference about it. In this paper, we first study the properties of this sequence and 
obtain substantive progress. That is, we have proved these two results: 

Theorem 1.1. The series of positive terms which are formed by triangular base sequence 






1 

T~n 



is convergent and S < 2. 

Theorem 1.2. Let {T ra } denotes the triangular base sequence, then we have the asymptotic 
formula 

In (T„) = V2n ■ In 10 + 0(1). 



§2. Proof of the theorems 

In this section, we shall use the elementary method and the structure of triangular base 
sequence to complete the proof of our theorems. The elementary methods used in this paper 
can be found in reference [5] and [6], we don’t repeat here. 

First we prove Theorem 1.1. We will classify the sequence {T n } by the digit of each element: 
there are two elements 1, 2 which contain one digit in the decimal; There are three elements 
10, 11, 12 which contain two digits in the decimal; There are four elements 100, 101, 102, 110 
which contain three digits in the decimal- • • ; Generally, there are k + 1 elements which contain 
k digits in the decimal. Let u £ {T n } and the digit of u is i in the decimal, then we have: 

2—1 i 

10 i- 1 = 1 00^00 < u < 22^~-~22 = 2 • 10 ~ 1 . (1) 

Obviously, in the interval of k ( k + 1 ' 1 — 1 < n < ( fc+1 H fc + 2 ) _ p p ie digit of T n is k in the decimal, 
while the total of T n which satisfy the digit is k in the decimal is k + 1. Then from (1) we can 
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immediately deduce the estimation formula 



* = E 



i 

T, ~ 



OO 

E E y 

k = 1 k(k+i) 1 <n< (fc+i)Q+2) : T 




fc =2 



A: + 1 
10 fc_1 ’ 



(2) 



Now using the property of geometric series to estimate S = ^ , 

k - 2 



s' 




OO 



E 



k + 1 
10 fe_1 



3 4 5 

To + ip + Io3 ' 

1 k + 1 

ToEt^i 

k = 2 

3 4 5 

1Q2 + 1Q3 + 1Q4 



6 

To 1 + 



6 

1Q5 



H 



Make difference of the following formula we have 



( 1 - 




Thus 



Combine (2) and (3) we get 



3 1111 

w + i# + n)3 + To4 + io5 + ''' 




10 1 
81 < 2’ 



5=V-<l+- + - = 2. 

^ T n 2 2 



( 3 ) 

( 4 ) 



From (4) and the convergence rule of series of positive terms we can immediately deduce 



OO ^ 



that E — is convergent, so we proved Theorem 1.1. 

Ei Tn 



Now we prove Theorem 1.2. For any real integer n, there insists real integer m such that 

m(rn+l) _ ! < n < (m+!) (m+2) _ ^ when „ satisfy +(++ 1) _ 1<n < (m+l)( m +2) _ ^ ^ ^ 



2 _ 2 
of T„ is m in decimal scale . 



So from (1) we know that T n must satisfy the inequality 



10 m_1 = 100- 



00 < T„ < 22 • • • 22 = 2 



10 m - 1 



Taking the logarithm of (5) in two sides we get 



( 5 ) 



In (T n ) = m ■ In 10 + 0 (1) . (6) 

On the other hand, by the definition of m, m 0»+ 1 ) < n < (™+iM»<+ 2 ) we } iave estimation 

formula 



m = y/2n+0(l). 
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Combining (5) and (6) we obtain the asymptotic formula 

In (T n ) = y/2 n ■ In 10 + 0(1). 

This completes the proof of our Theorems. 
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§1. Introduction and preliminaries 

Interval arithmetic was first suggested by Dwyer PI in 1951. Development of interval 
arithmetic as a formal system and evidence of its value as a computational device was provided 
by Moore PI in 1959 and Moore and Yang I 10 l 1962. Furthermore, Moore and others Phi 3 !! 6 ]! 10 ] 
have developed applications to differential equations. 

Chiao in [1] introduced sequence of interval numbers and defined usual convergence of 
sequences of interval number. §engoniil and Eryilmaz in [11] introduced and studied bounded 
and convergent sequence spaces of interval numbers and showed that these spaces are complete 
metric space. Later Esi in [5] introduced and studied strongly almost A— convergence and 
statistically almost A— convergence of interval numbers. Recently Esi M introduced and studied 
the new concept of interval valued sequence space 2 (p), where p = (pk) is a sequence of bounded 
strictly positive numbers. 

A set consisting of a closed interval of real numbers x such that a < x < b is called an 
interval number. A real interval can also be considered as a set. Thus we can investigate 
some properties of interval numbers, for instance arithmetic properties or analysis properties. 
We denote the set of all real valued closed intervals by JR. Any elements of JR is called 
closed interval and denoted by x. That is a; = {:r G M : a < x < b}. An interval number x 
is a closed subset of real numbers M. Let xi and x r be first and last points of x interval 
number, respectively. For X\ , X 2 G JR, we have xi = X 2 -O- X\ 1 =X 2 1 , Xi r =X 2 r ■ X 1 +X 2 = 
[i£l: aq, + X 2 t < x < X\ r + X 2 r }, and if a > 0, then ax = {x G R : aaq, < x < ax i r } and 
if a < 0, then ax = {x G R : ax\ r < x < orri,}, 



Xi- x 2 = 

{x G R : min{xi i x 2 ,, £ii£ 2 r , xi r X2 n Xi r x 2r } < x < max{xi l X2 l , Xi l X2 r , xi r X2 n Xi r x 2r }} ■ 
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The set of all interval numbers /R is a complete metric space defined by 



d(x i, x 2 ) = max{|:ri ; - x 2l \ , |xi r - x 2r .|} . W 



In the special case Xi = [a, a] and x 2 = [6, 6], we obtain usual metric of R. 

Let us define transformation / : N — > R by k — > / (k) = x, x = (a;*,). Then 5; = (x*,) is 



In the reference [1] definition of convergence of interval numbers is defined as follows: 

A sequence x = (x*,) of interval numbers is said to be convergent to the interval number 
x 0 if for each e > 0 there exists a positive integer k 0 such that d (x k , x 0 ) < £ for all k > k 0 and 
we denote it by lim^ x k = x 0 . 

Thus, lim/c x* = x 0 <t4> limfc Xk t = x 0[ and lim^ Xk r = x 0r . 

Now we give new definitions for interval sequences as follows: 

An interval valued double sequence space 2 E is said to be solid if y = (y k z ) € 2 E whenever 
\y k l \ < \x k ,i\ for all k, l £ N and x = (: x k ,i ) £ 2 E. 

An interval valued double sequence space 2 E is said to be monotone if 2 E contains the 
canonical pre-image of all its step spaces. 

An interval valued double sequence space 2 E is said to be convergence free if y = (y k ,i) £ 
2 E whenever x = (xk,i) £ 2 E and x k ,i = 0 implies y k ; = 0. 

An interval valued double sequence space 2 E is said to be symmetric if 2 S (x) C 2 E for all 
x = (xfc,;) £ 2 E, where 2 S (x) denotes the set of all permutations of the elements of x = (x k j). 

Throughout the paper, p = (p k ,i) is a double sequence of bounded strictly positive numbers. 
We define the following interval valued double sequence space: 



Theorem 2.1. The double sequence space 2 £(p) is a complete metric space with respect 
to the metric p defined by 



called sequence of interval numbers. The x k is called k th term of sequence x = (x*,). w 1 denotes 
the set of all interval numbers with real terms and the algebraic properties of w 1 can be found 
in [7]. 




and if Pk,i = 1 for all fc, l £ N, then we have 




Lemma 1.1. If a double sequence space 2 E is solid, then it is monotone. 



§2. Main results 



00,00 



M 



p(x,y)= [ d { x k,ii yk,i)] Pkl 



k, 1=1,1 
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where M = max (l, sup k iPk,l)- 

Proof. Let (a; 1 ) be a Cauchy sequence in 2 £{p)- Then for a given s > 0, there exists 
n 0 £ N, such that 

p (x l , x < e, for all i, j > n Q . 



Then 



00,00 

[dfaj’VL) 



k, 1=1,1 
00,00 

E 

k, 1=1,1 



< e , for all i , j > n 0 



Pfc,Z 



d [ x k,l> Vk. 1 ) < for all i, j > n, 



d (x l k [ , y{ /'j < e, for all i, j > n 0 and all k, l € N. 



(1) 



This means that ( x\ ; ) is a Cauchy sequence in R. Since K is a Banach space, (x\ z ) is conver- 
gent. Now, let 

lim x l kl = x k ,i for each k, l £ N and x = (x k ,i) ■ 



Taking limit as j — > oo in (1), we have 



p ( x l , x ) < £, for all i > n a . 



Now for all i > n 0 

p (x, 0) < p (x, x 1 ) + p (x 1 , 0) < oo. 

Thus x = {x k .i) £2 £ ip) and so 2 ^ (p) is complete. This completes the proof. 

Theorem 2.2. The sequence space 2 f (p) is solid as well as monotone. 

Proof. Let x = (x k ,i) £2 £ (p) and y = (y k i) be a interval valued sequence such that 
\Vk,i\ < \ x k,i\ for all k, l £ N. Then 

00,00 

55 [d{xk,u 0)]' Jfc,i < 00 

fc, 2=1,1 

and 

00,00 00,00 

E [ d (yk,i> o)] PM < 55 i d ( x k,i, o)] PM < 00 . 

k, 1=1,1 k, 1=1,1 

Thus y = (y k i) £ 2 £{p) and so 2 f (p) is solid. Also by Lemma 1.1, it follows that the space 
2 I (p) is monotone. This completes the proof. 

Theorem 2.3. The double sequence space £ (p) is not convergence free in general. 

Proof. The result follows from the following example. 

Example 2.1. Let 

2 , 



Pk,i = 



kl ’ 



if k = l; 
if k ± l. 
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We consider the double interval sequence x = {x k ,i) as follows: 



%k,l — 



[-£ 2 , 0] , if k = l\ 
[0, 0] , if k ^ l. 



Then 



£ [ d (*M» 0)] PM =£(p) <oo. 



fe,;=i,i 



k — 1 



so x = ( Xk t i ) £2 ^ (p). Now let us consider the double interval sequence y = [y k t ) defined as 
follows: 

[—k 2 , fc 2 ] , if k = l\ 

[0, 0] , if k ^ l. 

Then 



Vk,l = 



55 i d (vw °)] PM = 51 ( fc2 ) 2 = °°. 

k, 1=1,1 k, 1=1,1 

so y = (y k 1 ) £2 f (p). Hence 2 £{p) is not convergence free. This completes the proof. 
Theorem 2.4. The double sequence space 2 ? (p) is not symmetric. 

Proof. The result follows from the following example. 

Example 2.2. Let 

f 2, if k = l; 

Pk,i = < 

1 1 , Hk^l. 

We consider the double interval sequence $ = (xk,i) as follows: 



%k,l — 



shk ’ ° 

[ 0 , 0 ] , 



if k = l; 
if k ± l. 



Then 



7 — i i l . — 1 \ 



( 1 



fc,i=i,i 



Zj VV2 k 



< 00 , 



so x = ( Xk,i ) £2 ^(p). Now let us consider the rearrangement the double interval sequence 
y = (y k 1 ) oix= (x k ,i) defined as follows: 



(Vk,i) = 



$1,1 


$1,2 


$1,3 


$2,2 


$2,1 


$2,3 


$3,3 


$3,2 


$3,3 



... \ 



V : 






Then 



( 1 






2 00 



= OO. 
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Hence y = (y k ,i) ^2 £ ( p ) and so the double sequence space 2 £ (p) is not symmetric. This 
completes the proof. 

Theorem 2.5. (a) If 0 < p k j < qk,i < 1 for all k, l £ N, then jt(p) C2 ^(g) and the 
inclusion is proper. 

(b) If 0 < inf fc> ; p k j < p kt i for all k, l £ N, then 2 £ ip) C 2 £ and if 1 < p k ,i < sup fcj , p k ,i 
< 00 for all k, l £ N, then 2 £ C2 £ ip)- 

Proof, (a) Let x = (x k ,i) £2 £(p)- Then 

00,00 

y, [d(x k ,i, 0)] Pk ’ 1 < 00. 
k, 1 = 1,1 

So there exists n 0 £ N such that 



[d ( x k ,i, 0)] PM < 1 for all k, l > n 0 . 

[d(xk,i, 0)]'""' < [d(x k ,i, 0)] Pfc i for all k, l > n a 
00,00 

y [d(x k ,i, 0 )] qk l < 00. 
k, 1 = 1,1 

Thus x = (x k ,i) £2 £ (g). The inclusion is strict and it follows from the following example. 
Example 2.3. We consider the double interval sequence x = (x k /) as follows: 



Thus 
and so, 



x k ,i = 



y /3 fc’ 



, if k = l\ 



[0, 0], if k^l. 



and 



Then 



Qk,l = 



2+£, if k = l; 

3, if k l. 



! Pk = 



1, if k = l\ 

2, if k 7^ l. 



£ W*«.5)r = £ v ,5, 

k, 1=1,1 k= 1 ^ VOK 

and so5= {x k ,i ) £2 £ (g), but 



2+1 



< OO 



E °)P‘ = £ 



k, 1=1,1 



k= 1 



i/ 3 k 



= 00 , 



so x = (xk,i) ^2 £ ip)- This completes the proof. 

(b) The first part of the result follows from the inequality 
00,00 00,00 

y d(x k ,i, 0 ) < y [d(x k j, 0 )] /j/ ' 

k, 1=1,1 k, 1=1,1 

and the second part of the result follows from the inequality 

00,00 00,00 

y [d(x k ,i, o )] pk ’ 1 < y d(x k j, 0 ) . 

k, 1=1,1 k, 1=1,1 
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Abstract In this paper we characterize linear operators ip on the matrices over the direct 
product of copies (need not be finite) of a binary Boolean algebra such that ip preserves 
commuting pairs of matrices. 

Keywords Linear operator, binary boolean algebra, commuting pair of matrices, direct pro 
-duct. 



§1. Introduction and preliminaries 

A semiring means an algebra (S, +, •, 0, 1), where + and ■ are binary, 0 and 1 are nullary, 
satisfying the following conditions: 

(1) (S, +, 0) is a commutative monoid; 

(2) (S, -, 1) is a monoid; 

(3) a • (b + c) = a- b + a- c and (a + b) ■ c = a ■ c + b ■ c, Va, b , c e S; 

(4) a ■ 0 = 0 • a = 0, Va e S; 

(5) 0 ? 1. 

Let S be a semiring and M„(S) the set of all n x n matrices over S. I is the identity matrix, 
and O is the zero matrix. Define + and • on M„(§) as follows: 

n 

A T B = [dij T bij] n xni 7l • B = [ ^ dikbkj\nxn- 

fc= 1 

It is easy to verify that (M„(S), +, -, O, I) is a semiring with the above operations. Let 
ip be an operator on M n (§). Then we say that ip preserves commuting pairs of matrices if 
ip{A)ip{B) = ip{B)ip{A) whenever AB = BA. 

It is well known that commutativity of matrices is very important in the theory of matrices. 
Many authors have studied linear operators that preserve commuting pairs of matrices over fields 
and semirings. Song and Beasley gave characterizations of linear operators that preserve 
commuting pairs of matrices over the nonnegative reals. Watkins considered the same 

1 This work is supported by a grant of the science foundation of Northwest University (NC0925) and a grant 
of the science foundation of Shaanxi Province (2011 JQ1017). 
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problem on matrices over the field of characteristic 0. Moreover, there are papers on linear 
operators that preserve commuting pairs of matrices over some other special fields (see [1, 2, 
8]). In [10], Song and Kang characterized such linear operators over general Boolean algebras 
and chain semirings. 

Linear preserver problem ( LPP for short) is one of the most active research areas in 
matrix theory. It concerns the classification of linear operators that preserve certain functions, 
relations, subsets, etc., invariant. Although the linear operators concerned are mostly linear 
operators on matrix spaces over fields or rings, the same problem has been extended to matrices 
over various semirings (see [3, 5, 6, 7, 9, 10, 13] and references therein). 

In the last decades, there are a series of literature on linear operators that preserve in- 
variants of matrices over a given semiring. Idempotent preservers were investigated by Song, 
Kang and Beasley I 11 !, Dolzan and Oblak I 3 1 and Orel t 6 l. Nilpotent preservers were discussed 
by Song, Kang and Jun ^ 13 1 and Li and Tan I 5 1. Regularity preservers were studied by Song, 
Kang, Jun, Beasley and Sze in [4] and [12]. Pshenitsyna ^ considered invertibility preservers. 
Song and Kang I 10 ! studied commuting pairs of matrices preservers. 

In this paper we study linear operators ip on the matrices over the direct product of copies 
(need not be finite) of a binary Boolean algebra such that <p preserves commuting pairs of 
matrices. 

For convenience, we use Z + to denote the set of all positive integers. 

Hereafter, § will always denote an arbitrary semiring unless otherwise specified. 

Let A be a matrix in M„(§). We denote entry of A in the ith row and j th column by aij 
and transpose of A by A*. 

For any A £ M„(S) and any A £ S, define 

A A = [A dij]nxm AlA = [uc?A] n xn- 



A mapping ip : M n (§) — > M„(§) is called a linear operator (see [9]) if 

<p(aA + Bb) = a</?(A) + tp(B)b 
for all a, b £ S and all A, B £ M„(S). 

Given k £ Z + . Let Bj, be the power set of a fc-element set and ay, ay, • • • , ay the 
singleton subsets of §&. We denote 0 by 0 and §& by 1. Define + and • on M n (§) by 

A + B = A{jB, A- B = Af]B. 

Then (B*,, +, •, 0, 1) becomes a semiring and is called a general Boolean algebra (see [13]). 
In particular, if k = 1 then By is called the binary Boolean algebra (see [13]). 

A matrix A £ M n (§) is said to be invertible (see [10]) if there exists B £ M n (S) such 
that AB = BA = I. A matrix P £ M„(§) is called a permutation matrix (see [3]) if it 
has exactly one entry 1 in each row and each column and 0’s elsewhere. If P £ M„(S) is a 
permutation matrix, then PP t = P t P = I. Note that the only invertible matrices in M„(Bi) 
are permutation matrices (see [10]). 
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§2. Main results 

Let (Sa)aga be a family of semirings and S = IIaga For an y ^ £ A and any a £ S, we 
use a\ to denote a( A). Define 

(a + b) x = a x + b x , (ab)\ = a\b\ (a, b £ §, A £ A). 

It is routine to check that (S, +, •, 0, 1) is a semiring under the above operations. For any 
A = [atj] £ M„(S) and any A £ A, A\ : = [((X^a] £ M„(§a). It is obvious that 

{A + B ) a = A\ + B \ , (AB ) a = A\B\ and i y aA)\ = a\A\ 

for all A, B £ M„(S) and all a £ S. 

Hereafter, S = IIaga where Sa is a semiring for any A £ A. In the following, we can 
easily obtain 

Lemma 2.1. Let A and B be matrices in M n (§). Then the following statements hold: 

(i) A = B if and only if A\ = B\ for all A £ A; 

(ii) AB = BA if and only if A\B\ = B x A x for all A £ A; 

(iii) A is invertible if and only if Ha is invertible for all A £ A. 

The following result is due to Orel 

Lemma 2.2. If ip : M„(S) — > M n (§) is a linear operator, then for any A £ A, there exists a 
unique linear operator ip\ : M„(§a) — >• M„(§a) such that (v?(H))a = p\(A\) for all A £ M„(S). 

Now, let p a linear operator on M„(§). Suppose that p\ preserves commuting pairs of 
matrices for all A £ A. For any A, B £ S, if AB = BA, then for any A £ A, A\B\ = B\A\. 
This implies that 

t P\(A x )p\{B x ) = px{B\)p\{A x ). 

It follows that 



(ip(A)p(B)) x = (p(A))\(ip(B))\ = p\(A\)p\(B\) 

= px(B x )px{A x ) = (p{B)) x {p(A))x = (p(B)p(A)) A . 

Further, p(A)p(B) = p(B)p(A) . Thus ip preserves commuting pairs of matrices. 

Conversely, assume that ip preserves commuting pairs of matrices. For any A £ A and 
A, B £ M„(§a), there exist X, Y £ M„(§) such that X x = A, Y x = B and X ^ = Y^ = O 
for any /i / A. If AB = BA then XY = YX. Since tp preserves commuting pairs of ma- 
trices, we have i p(X)p(Y) = tp(Y)ip(X). It follows that px(A)p x (B) = (^(X))a(^(V))a = 
(p(X)ip(Y))x = (ip(Y)ip(X )) a = (tp(Y))x(<p(X))x = px(B)px(A). Hence px preserves com- 
muting pairs of matrices. In fact, we have proved 

Lemma 2.3. Let p : M„(S) — > M„(S) be a linear operator. Then p preserves commuting 
pairs of matrices if and only if p x preserves commuting pairs of matrices for all A £ A. 

Let p be a linear operator on M„(§). Suppose that p is invertible. For any A £ A 
and any A, B £ M„(§a), there exist A, B £ M ra (3) such that (H)a = A, (B)x = B, and 
(A)^ = (H) m = O for any p ± A. If p\(A) = px{B) then 

(<^(H))a = px{A) = px(B) = (p(B)) a. 
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Also, 



i<p(A)) 



for any \x^ \. This shows that p(A) 



» = = Py.{0) = 0 

= p{B). Since p is injective, we have A = B. Further, 



A = (A) a = (B)x = B. 



Thus px is injective. 

On the other hand, since p is surjective, it follows that there exists X £ M„(S) such that 
p{X) = B. We can deduce that 

B = (B) x = (p(X)) x =p x (X x ). 

That is to say, px is surjective. Hence px is invertible. We have therefore established half of 
Lemma 2.4. Let p be a linear operator on M„(S). Then p is invertible if and only if p\ 
is invertible for all A £ A. 

Proof. We only need to prove the remaining half. Assume that p\ is invertible for any 
AeA. For any A, B £ M„(§) and any A € A, if p(A) = p(B) then 

P\{A\) = MA)) a = ( p(B)) x = P\{B\). 

Since p\ is injective, we have A\ = B\. By Lemma 2. 1 (i) it follows that A = B. Hence p is 
injective. Since p\ is surjective, there exists A'( A ) £ M ra (S A ) such that y> A (Xfo)) = B\. Let 
X £ M„(§) satisfy X\ = X( A ) for any A £ A. It is clear that p{X) = B 1 and so p is surjective. 
Thus p is invertible as required. 

The following lemma, due to Song and Kang I 10 !, characterize invertible linear operators 
preserveing commuting pairs of matrices over a binary Boolean algebra. 

Lemma 2.5. Let p be a linear operator on M„(Bi). Then p is an invertible linear 
operator that preserves commuting pairs of matrices if and only if there exists a permutation 
matrix P £ such that either 

(a) p(X) = PXP * for all X £ or 

(b) p(X) = PX t P t for all X £ M n (Bi). 

Next, we have 

Theorem 2.1. Let S = II A eA w h ere = ®i for any A £ A. Let p : M„(S) — ► M„(§) 
be a linear operator. Then p is an invertible linear operator that preserves commuting pairs of 
matrices if and only if there exist invertible matrix U £ M„(S) and /i, /2 £ S such that 

p(X) = U(f 1 X + f 2 X t )U t 

for all X £ M n (S), where (/i) A 7 ^ (/ 2 )a for any A £ A. 

Proof. (=^) It follows from Lemma 2.3 and Lemma 2.4 that p\ is an invertible linear 
operator which preserves commuting pairs of matrices for any A £ A. By Lemma 2.5, there 
exists U £ M„(S) such that either 

p x {X) = U x XU{ (1) 



for all X £ M n (S A ), or 



p x {X) = UxX^l 



(2) 
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for all X £ M„(S A ). Moreover, U\ is a permutation matrix for any A £ A. We have by Lemma 
2.1 (iii) that U is invertible. Let A, : = {A £ A| <p\ is the form of (*)}, i = 1, 2. It is evident 
that Ai p| A 2 = 4>, Ai U A 2 = A. For i = 1, 2, let /* £ S satisfy (fi)\ = 1 if A £ A* and 0 
otherwise. We conclude that <p(X) = U{f\X + f 2 X t )U t for all X £ M„(S) as required. 

(•£=) For any A £ A and any X £ M„(S A ), there exists Y £ M„(S) such that X = Y\. We 

have 

MX) = MYx) = MY)) x = MfiY + f 2 Y t )U%. 

If (/i)a = 1, (h)\ = 0, then MX) = U\XU{ for all X £ M„(S A ). Otherwise, M x ) = 
UxX^Ux f° r a ll X £ M n (S A ). We have by Lemma 2.1 (iii) that U\ is invertible. It follows 
from Theorem 2.1 that ip\ is an invertible linear operator that preserves commuting pairs 
of matrices. Therefore, ip is an invertible linear operator that preserves commuting pairs of 
matrices by Lemma 2.3 and Lemma 2.4. 

Song and Kang I 10 ! characterize invertible linear operators which preserve commuting pairs 
of matrices over general Boolean algebra. Recall that a general Boolean algebra is isomorphic 
to a direct product of binary Boolean algebras. Up to isomorphism, we obtain characterization 
of invertible linear operators which preserve commuting pairs of matrices over general Boolean 
algebra. 

Example 2.1. Let S = Bi xBj xlj. Take 



U = 



( 0 , 0 , 1 ) ( 1 , 0 , 0 ) 
( 0 , 1 , 0 ) ( 0 , 0 , 1 ) 
( 1 , 0 , 0 ) ( 0 , 1 , 0 ) 



( 0 , 1 , 0 ) 

( 1 , 0 , 0 ) 

( 0 , 0 , 1 ) 



in M 3 (S) and /i = (0, 1, 0), f 2 = (1,0, 1) in S. Define an operator ip on M 3 (S) by 



p(X) = U(f 1 X + f 2 X t )U t 



for all X £ M 3 (S). 

It is obvious that U \( A = 1, 2, 3) are all permutation matrices. By Theorem 2.1, tp is an 
invertible linear operator which preserves commuting pairs of matrices. 

Example 2.2. Let S = Ylkez+ ^ where §& = Bi for any k £ Z + . Take a, b £ S, where 
a 2 k-i = 1, a 2 k = 0, b 2 k-i = 0 and b 2 k = 1 for any k £ Z + . Let 



b 



U = 



a 



0 



a 0 
0 b 
b a 



be a matrix in M 3 (S). Define an operator p on M 3 (§) by 

<p(X) = UiaX + bXM 4 



for all X £ M 3 (§). 

We have by Theorem 2.1 that ip is an invertible linear operator which preserves commuting 
pairs of matrices. 
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Abstract This paper is an application of a lemma due to Miller and Mocanu ^ j using which 
we find certain sufficient conditions in terms of the differential operator 



*/"(*) 

/'(*) 



+ (a* + 1) 



zf(z) \ 

m ) 



for / £ A to belong to the class U{ A, / 1 q(z)) where 



U( A, fi, q(z)) = j/ € U : + 0 and f'(z) ^ 



« £ E 



and g, g(«) ^ 0 is univalent in E and fj, a complex number. As special cases of our main 
result, we find certain significant results regarding starlikeness and strongly starlikeness which 
extend some known results. 

Keywords Analytic function, differential subordination, starlike function, strongly starlike 
function. 



§1. Introduction and preliminaries 



Let H be the class of functions analytic in the open unit disk E = {z: |z|<l}. Let A 
be the class of all functions / which are analytic in E and normalized by the conditions that 
/( 0) = /'( 0) — 1 = 0. Thus, / € A, has the Taylor series expansion 

OO 

/ 0 ) = z + ^2a k z k . 

k—2 



Let S denote the class of all analytic univalent functions / defined in E and normalized 
by the conditions /( 0) = /'( 0) — 1 = 0. A function / € A is said to be starlike of order 
ot (0 < a < 1) in E if and only if 



3 ? 




> a, z G E. 



A function / € A is said to be strongly starlike of order a, 0 < a < 1, if 
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equivalently 



zf\z) J fl + z 

f(z) V1-* 



, zeE. 



For two analytic functions / and g in the unit disk E, we say that / is subordinate to g 
in E and write as / -< g if there exists a Schwarz function w analytic in E with w;(0) = 0 and 
|w(2)| <1, z € E such that f(z) = g(w(z)), z £ E. In case the function g is univalent, the 
above subordination is equivalent to: /( 0) = p(0) and /(E) C 5(E). 

Let (f> : C 2 x E — » C and let h be univalent in E. If p is analytic in E and satisfies the 
differential subordination 



<p(p(z), zp'(z); z) < h(z), <j>(p( 0), 0; 0) = h( 0), 



(1) 



then p is called a solution of the first order differential subordination (1) . The univalent function 
q is called a dominant of the differential subordination (1) if p(0) = q{ 0) and p -< q for all p 
satisfying (1). A dominant q that satisfies q -< q for all dominants q of (1), is said to be the 
best dominant of (1). 

Let 

+ 0 and f'(z) ^ q(z), z £ E 



U( A, p, q{z)) = { f G H : 






and q, q(z) 7^ 0 is univalent in E and p a complex number. Throughout this paper, value of 
the complex power taken is the principal one. 

Fournier and Ponnusamy ^ studied the class 



U{ A, p)= {feH: 



/(*) 



yf 0 and 



/'(*) 



m 



/x+l 



- 1 



< A, z GE 



where 0 < A < 1 and p is a complex number and estimated the range of parameters A and 
p such that the functions in the class /7(A, p) are starlike or spirallike. Note that U( A, p) = 
U{ A, p, 1 + A z) for 0 < A < 1. 

Obradovic et al. I 3 1 proved: 

Theorem 1.1. If / € A satisfies the inequality 



1 + 



f(z) 



zf(z) 

m 



< 1, zeE, 



then / is starlike. 

Irmak and §an W proved the following result. 
Theorem 1.2. If / € A satisfies the inequality 



1 + 



/'(-) 



zf(z) 

f(z) 



< (3, zeE, 0 < /3 < 1, 



then / is strongly starlike function of order {3. 

In the present paper, we study the differential operator 



zf"(z) 

f(z) 



+ (M + 1) 



zf(z) \ 

f(z) J 
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and write the sufficient conditions in terms of this operator for f £ A to be a member of the 

class U( A, n, q(z)) and consequently of U{ A, p). In particular, we also derive some sufficient 

zf"(z) zf r (z) 

conditions in terms of the differential operator 1 H — — — which extend the above 

f'(z) f(z) 

results of Obradovic et alJ 3 ! and Irmak and §an M for / £ A to be starlike and strongly starlike. 

To prove our main result, we shall use the following lemma of Miller and Mocanu I 1 ! (page 
76). 



Lemma 1.1. Let q , q(z) ^ 0 be univalent in E such that 



zq'(z) 

Q(z) 



is starlike in E. If an 



analytic function p , p{z) ^ 0 in E, satisfies the differential subordination 

zp'(z) zq'(z) 



-< 



then 



and q is the best dominant. 



p{z) q{z) 



p{z) -< q(z) = exp 



= Hz), 

r m 

I o t 



§2. Main result and applications 



Theorem 2.1. Let q, q(z) ^ 0 be univalent in E such that 



E. If / £ A, f'(z) 



f{z) 



/X+l 



zq’{z) 

Hz) 



(= h(z)) is starlike in 



^ 0 for all ^ in E, satisfies the differential subordination 



2/ " (2) +(m+1) 



then 



f'(z) 



f(z) 



f{z) 



f(z) 



M+ 1 



-< q(z) = exp 



h{t) 



L-'O 



i.e. , / £ U( A, /r, q(z)) and q is the best dominant. Here p is a complex number. 



Proof. By setting p(z) = f'{z) 



f(z) 



/i+l 



in Lemma 1.1, proof follows. 



Remark 2.1. Consider the dominant q{z) = + ^ 0 < a < 1, 2 £ E in above 



theorem, we have 



1-z 

zq"(z ) zq'(z)\ ( 1 (1-2 a)z 

zq'(z) 



>0, z GE 



for all 0 < a < 1. Therefore, — x is starlike in E and we immediately get the following result. 

q(z) 



Theorem 2.2. For a complex number p, if / £ A, f'{z) 



satisfies the differential subordination 

zf"(z) , zf'(z) 

J w + (p + 1) 1 - 4tV I -< 



f(z) 



7 ^ 0 for all z in E, 



/'(*) 



2(1 — a)z 



f(z) ) (1 - z){ 1 + (1 - 2a) z) ’ 



2 £ E. 
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then 



/'(*) 



m 



^1^1 — 2o)£ 0 < a<l5 , eE 
1 — z 



Taking /j, = 0 in above theorem, we obtain the following result of Billing I 5 1. 

zf'(z) 

Corollary 2.1. If / £ A. . ^ 0 for all z in E, satisfies the condition 



t | zf"(z) zf'(z) , 



2(1 — a)z 



f'{z) f{z) (1 — z)(l + (1 — 2a) z) 



, zeE, 



then 



zf'{z) 1 + (1 — 2 a)z 



~< 



, 0 < a < 1, E, 



m ' i - « 

i.e., / is starlike of order a. 

Remark 2.2. Setting a = 0 in the above corollary, we obtain: Suppose / £ A, 
for all 2 in E, satisfies 



zf'jz) 

f{z) 



1 + 



zf"(z) zf(z) J 2z 



-< 



= F(z), 



f'(z) f(z) 1 - z 2 
then / is starlike, where ^(E) =C\{w £ C : 3?(w) = 0, |3(to)| > 1}. 

This result extends the region of variability of the differential operator 1 + 



^0 



(2) 



Zf"(z) zf(z) 

f(z) f{z) 

largely over the result of Obradovic et al. ^ stated in Theorem 1.1. When the above said 
operator takes the values in the unit disk, then / £ A is starlike by Theorem 1.1. But in 
view of the result in (2), the same operator can take values in the complex plane C except two 

slits 3ff(w) = 0, |Sr(u;)| > 1. The dark portion of the Figure 2.1 is the region of variability of 

zf"(z ) zf'(z) 

the differential operator 1 H — , in view of Theorem 1.1 whereas the region of 

f(z) f 0 ) 

variability is extended to the total shaded region (dark + light) in the light of the result in (2). 




Figure 2.1 
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Remark 2.3. Consider the dominant q(z) = 1 + A z, 0 < A < 1, z £ E in Theorem 2.1, 
we have 



» 1 + 



zq"(z ) zq'(z) 

q'(z) <l(z) 



= 3? 



1 



1 + A z 



>0, zeE 



zq'(z) 

for all 0 < A < 1. Therefore, — r — is starlike in E and we have the following result. 

q(z) 

\ M+l 
Z N 



Theorem 2.3. Suppose f G A, f\z ) 

zf"{z) 

Hz) 

where /z is a complex number, then 

- 1 



f(z) 



7 ^ 0 for all 2 in E, satisfies 



:f"(z) , A zf(z)\ Xz 

TW + (M + 1) ( : l ~7W) * TTa? 2 6 E - 



M+ 1 



< A, 0 < A < 1, 3 G E, 



i.e., / G U( A, /x). 

Selecting /z = 0 in above theorem, we obtain: 

zf'(z) 

Corollary 2.2. If / G A, -jl \ 7 ^ 0 f° r satisfies the condition 



1 + 



f(z) 

zf"(z ) zf'(z) J A 3 



-< — , 3 G E, 



then 



Hz) f(z) 1 + A3 
zf{z) 



Hz) 



- 1 



< A, 0 < A < 1, 3 G E. 



ctfl — z 1 

Remark 2.4. Let the dominant in Theorem 2.1 be q(z) = — , a > 1, 3 G E. A 



little calculation yields 



K 1 + 



zq"{z) zq'(z) 

q’{z) q(z) 



= 3? 



1 — 3 a — z 



a — 3 



>0, 3 G E. 



zq' ( 3 ) 

Therefore, — — — is starlike in E and we obtain the following result. 
q(z) 



( z Y + 

Theorem 2.4. Let a > 1 be a real number and let / G A, f'(z) I 1 7 ^ 0 for 

in E, satisfy the differential subordination 

Hz) +(M+ j v f(z) ) (1 



all 



then 



Hz) 



f(z) 



— 3) (a — 3) 
M+1 a(l - 3) 



, 3 G E, 



-< 



a — z 



-, 3 G E, 



where p is a complex number. 

Selecting /z = 0 in above theorem, we obtain: 
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zf'(z) 

Corollary 2.3. If / G A, ' + 0 for all 2 in E, satisfies 

/(+) 

zf"(z) zf(z) (1 - a)z 
/'(+) f(z) (l- 2 )(a- 2 )’ 



then 



zf'(z) a(l — z) 

a > 1, 2 G E. 

/ ( 2 ) a - 2 



Remark 2.5. Selecting the dominant q(z) = 
2 . 1 , we have 



3t 1 + 



zq"{z) zq'(z) 

q'(z ) < 7 ( 2 ) 



= 3? 



1 + 2 
1-2 

I + 2 5 

1 ^+ 



, 0 < <5 < 1, 2 £ E in Theorem 



>0, 2 G E. 



zq ( 2) 

Therefore, — — — is starlike in E and we obtain the following result. 

Q 0 ) 

Theorem 2.5. Let / G A, f'(z ) 
subordination 



2 

7 M 



/x+1 



7 ^ 0 for all 2 in E, satisfy the differential 



zf"{z) 

Hz) 



+ (/x + 1) ( 1 — 



zf'{z) 

f(z) 



then 



Hz) 



f(z)J 



/J.+ 1 



-< 



1 + 2 

1-2 



2 Sz 

+ 1 2 , Z£E, 

1 — 2 2 



0 < <5 < 1, 2 G E. 



Taking n = 0 in above theorem, we get: 

zf'(z) 

Corollary 2.4. If / G A, ' 7 ^ 0 for all 2 in E, satisfies 

f(z) 

zf"(z) zf'(z) 2 Sz 
1 + -+77V - ~ , 2 G E, 



Hz) f(z) 1 - 2 2 



then 



zf'(z) 

f(z) 



+ 



1 + 2 

1-2 



, 0 < 5 < 1, 2 G E, 



i.e. , / is strongly starlike of order 6. 

Remark 2.6. We, here, make the comparison of the result in above corollary with the 

result in Theorem 1.2. We notice that the region of variability of the differential operator 
zf"(z) zf'(z) 

1 H — — is extended in Corollary 2.4 over the result in Theorem 1.2. To justify our 

Hz) f(z) 

claim, we consider the following particular case of both the results. For S = 1/2 in Corollary 

zf'(z ) 

2.4, we obtain: Suppose / G A, .. . + 0 for all 2 in E, satisfies 

f(z) 

zf'(z) zf'(z) j 2 

1 + fi( \ 7 T \ — < 1 2 — 

f (z) f(z) 1 - 2 2 

then / is strongly starlike of order 1/2 where G(E) = C \ {w : = 0, |3(w)| > 1/2}. 

For (3 = 1/2 in Theorem 1.2, we get: If / G A satisfies the inequality 

zf"(z) zf'(z) 



(3) 



1 + 



Hz) f(z) 



< -, 2 G E, 



(4) 
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then / is strongly star like of order 1/2. 

We see that in view of (4) the differential operator 1 - 



zf"(z) zf'(z) 



takes values in the 



/' 0 ) / 0 ) 

disk of radius 1/2 with center at origin whereas by (3), the same operator can take values in 
the complex plane C except two slits St(w) = 0, |$>(u;)| >1/2 for the same conclusion i.e. / 
is strongly starlike of order 1/2. We also justify our claim pictorially in Figure 2.2. The dark 
shaded portion of the figure shows the region of variability of the above said operator in view of 
the result in (4) and in the light of the result in (3), the region of variability is the total shaded 
region (dark + light). 
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Abstract An ideal / is a family of subsets of positive integers N which is closed under taking 
finite unions and subsets of its elements. In [9], Kostyrko et. al introduced the concept of ideal 
convergence as a sequence (xk) of real numbers is said to be /- convergent to a real number 
xo, if for each e > 0 the set {UN: | Xk — *o| > e} belongs to I. In this article we introduced 
/-convergence of sequences in topological groups and extensions of a decomposition theorem 
and a completeness theorem to the topological group setting are proved. 
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§1. Introduction 

The concept of ideal convergence as a generalization of statistical convergence, and any 
concept involving statistical convergence play a vital role not only in pure mathematics but also 
in other branches of science involving mathematics, especially in information theory, computer 
science, biological science, dynamical systems, geographic information systems, population mod- 
elling, and motion planning in robotics. 

The notion of statistical convergence is a very useful functional tool for studying the con- 
vergence problems of numerical sequences/matrices (double sequences) through the concept of 
density. It was first introduced by Fast I 7 1, and Schoenberg I 13 !, independently for the real 
sequences. Later on it was further investigated from sequence point of view and linked with the 
summability theory by Fridy I 8 ! and many others. The idea is based on the notion of natural 
density of subsets of N, the set of positive integers, which is defined as follows: The natural 
density of a subset of N is denoted by 6(E) and is defined by 

6(E) = lim \{k G E : k < n}|, 

n — >oo 

where the vertical bar denotes the cardinality of the respective set. In [5], Qakalli introduced 
this notion in topological Hausdroff groups. 

The notion of /-convergence was initially introduced by Kostyrko, et. al I 9 1 as a generaliza- 
tion of statistical convergence which is based on the structure of the ideal / of subset of natural 
numbers N. Later on it was further investigated from sequence space point of view and linked 
with summability theory by Salat, et. al I 11-12 ^ Tripathy and Hazarika I 14-17 ! and many other 
authors. 
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A non-empty family of sets / C P(N) (power set of N) is called an ideal in N if and only 
if 

(i) for each A, B £ /, we have A U B £ /; 

(ii) for each A £ I and B C A, we have B £ I. 

A family F C P(N) is called a filter on N if and only if 

(i) 

(ii) for each A 1 B £ F, we have A ft B £ P; 

(iii) for each A £ F and B D A, we have B £ F. 

An ideal / is called non-trivial if I ^ <f> and N ^ I. It is clear that / C P(N) is a non-trivial 
ideal if and only if the class F = F(I) = N — A: A £ I is a filter on N. The filter F(I) is 
called the filter associated with the ideal I. A non-trivial ideal / C P(N) is called an admissible 
ideal in N if it contains all singletons, i.e., if it contains {{a;} : x £ N}. 

Recall that a sequence x = ( Xk ) of points in R is said to be /-convergent to a real number 
xq if {k £ N : |a;fc — cco| > e] £ I for every e > 0 (see [9]). In this case we write I — lima;*, = Xq. 

Let (a;*,) and (yk) be two real sequences, then we say that Xk = yk for almost all k related 
to / (a. a. k. r. I) if the set {k £ N : Xk^ yk] belongs to I. 

Throughout the article we consider / to be a non-trivial admissible ideal of N. 

The purpose of this article is to give certain characterizations of I- convergent sequences 
in topological groups and to obtain extensions of a decomposition theorem and a completeness 
theorem to topological groups. 



§2. /-convergence in topological groups 

Throughout the article X will denotes the topological Hausdroff group, written additively, 
which satisfies the first axiom of countability. 

Definition 2.1. A sequence (xk) of points in X is said to be /-convergent to an element 
xq of X if for each neighbourhood V of 0 such that the set 

{/ £ N : Xk — Xq V] £ I 
and it is denoted by / — lim/^oo Xk = xq- 

Definition 2.2. A sequence (x k) of points in X is said to be /-Cauchy in X if for each 
neighbourhood V of 0, there is an integer n(V) such that the set 

{k £ N : x k - x n{ y) / V] £ I. 

Throughout the article s(X), c / (A'), Cq(X) and C I (X) denote the set of all A'-valued 
sequences, A- valued /-convergent sequences, A- valued /-null sequences and X- valued /-Cauchy 
sequences in X, respectively. 

Theorem 2.1. A sequence (xk) is /-convergent if and only if for each neighbourhood V 
of 0 there exists a subsequence (x^m) °f ( x k) such that lim,.^^ x^m = xq and 



{k £ N : x k - Xfc'O) ^ V] £ I. 



44 



Bipan Hazarika 



No. 4 



Proof. Let x = (xk) be a sequence in X such that I — lim^oo Xk = Xq- Let { V^,} be a 
sequence of nested base of neighbourhoods of 0. We write E 1 - 1 ' 1 = {k £ N : x k — xo^ Vt} for any 
positive integer i. Then for each i, we have £jb+!) £’(*) and £ F(I). Choose n(l) such 

that k > n(l), then ^ (j). Then for each positive integer r such that n{p + 1) < r < n{ 2), 
choose fc'(r) £ i.e. Xk'(r)—x o € Vi, In general, choose n{p+ 1) > n{p) such that r > n{p+ 1), 
then ^ cj). Then for all r satisfying n{p) < r < n{p + 1), choose fc'(r) £ E^ i.e. 

Xk'(r) — Xq £ V p . Also for every neighbourhood V of 0, there is a symmetric neighbourhood W 
of 0 such that W U W C V. Then we get 



{k £ N : x k — £ fc /(r) ^ V} C {k £ N : x k — x 0 W} U {r £ N : x k >(r) ~ x 0 ^ W}. 

Since I — lim/^oo x k = xq, therefore there is a neighbourhood W of 0 such that 

{k £ N : x k — Xo W} £ I 
and lim^oo x k '( r ) = xo implies that 

{r £ N : x k >{ r ) - x 0 £ W} £ I. 

Thus we have 

{k £ N : x k - x k i( r ) V} £ I. 

Next suppose for each neighbourhood V of 0 there exists a subsequence (x fc q r )) of (x k ) such 
that limr-.oo a ' k '( r ) = Xo and 

{k £ N : x k - x fc / (r .) £ V} £ L 

Since V is a neighbourhood of 0, we may choose a symmetric neighbourhood W of 0 such that 
W U W C V. Then we have 



{k £ N : x k - x 0 ^ V} C {k £ N : x k - x fc q r ) ^ W} U {r G N : x fe / (r ) - x 0 £ W}. 

Since both the sets on the right hand side of the above relation belong to I. Therefore 

{k £ N : x k — x 0 V} £ I. 

This completes the proof of the theorem. 

Theorem 2.2. If lim*,^^ x k = x 0 and I - lim^oo y k = 0, then / - lim ft _ >0O (a; fc + y k ) = 
limfc — ^oo x k . 

Proof. Let V be any neighbourhood of 0. Then we may choose a symmetric neighbourhood 
W of 0 such that W U W C V. Since limfc_ >00 x k = xo, then there exists an integer no such 
that k > no implies that x k — Xq £ W. Hence 

{k £ N : x k - x 0 ^ W} £ I. 

By assumption I — lim^oo y k = 0, then we have {k £ N : y k £ W} £ I. Thus 

{k £ N : (xfe - x 0 ) + y k £ V} C {k £ N : x t -x 0 ^}U{fceN: y k £ W} £ I. 
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This implies that / - lim fc ^ 00 (a,’fe + y *) = lim^oo x*. 

Theorem 2.3. If a sequence (x*) is /-convergent to xo, then there are sequences (yk) and 
(zk) such that I — lim^oo y j. = x 0 and Xk = yk + for all k £ N and {fee N : x^ ^ j/j.} £ I 
and (zfc) is a /-null sequence. 

Proof. Let {Vi} be a nested base of neighbourhood of 0. Take n o = 0 and choose an 
increasing sequence (jit) of positive integer such that 

{k £ N : Xk — x 0 / Vi} £ I for k > n 0 . 

Let us define the sequences (yk) and (zk) as follows: 

Vk = Xk and Zk = 0, if 0 < k < n\ 

and suppose n t < n, + i, for i > 1, 

y k = x k and z k = 0, if x k - x 0 £ V , 

yk = x 0 and z k = x k - x 0 , if x k - x 0 V. 

We have to show that (i) / — lim^oo yk = Xq, (ii) (zk) is a /-null sequence. 

(i) Let V be any neighbourhood of 0. We may choose a positive integer i such that V C V. 
Then y k - x 0 = x k - x 0 £ Vi, for k > rii . 

If x k - x 0 Vi, then y k - x 0 = x 0 - x 0 = 0 £ V. Hence I - lim^oo y k = x 0 . 

(ii) It is enough to show that {k £ N : Zk ^ 0} £ /. For any neighbourhood V of 0, we 

have 

{k £ N : z k <$. V} C {k £ N : z k ^ 0}. 

If n p < k < n p + 1 , then 

{k £ N : z k ^ 0} C {k £ N : x k - x 0 £ V p }. 

If p > i and n p < k < n p + 1 , then 

{k £ N : z k ^ 0} C {k £ N : x k - x 0 £ V p } C {k £ N : x k - x 0 i Vi}. 

This implies that {/ £ N : Zk ^ 0} £ /. Hence (zk) is a /-null sequence. 



§3. /-sequential compactness 

Definition 3.1. Let A C X and Xq £ X. Then xq is in the /-sequential closure of A if 
there is a sequence (x^) of points in A such that / — lim^oo Xk = xq. 

We denote /-sequential closure of a set A by A . We say that a set is /-sequentially closed 
if it contains all of the points in its /-sequential closure. 

By a method of sequential convergence, we mean an additive function B defined on a 
subgroup of s(X), denoted by c B (X) into X. 

Definition 3.2. A sequence x = (xk) is said to be B-convergent to xo if x £ c B (X) and 
B(x) = x 0 . 
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Definition 3.3. A method B is called regular if every convergent sequence x = (xk) is 
B-convergent with B(x) = lima;. 

From Definition 3.3, it is clear that, if B = /, then / is a regular sequential method. 

Definition 3.4. A point x 0 is called a /-sequential accumulation point of A (or is in 
the /-sequential derived set) if there is a sequence x = (xk) of points in A — {xo} such that 
/-lim x = xq . 

Definition 3.5. A subset A of A is called /-sequentially countably compact if any infinite 
subset A has at least one /-sequentially accumulation point in A. 

Definition 3.6. A subset A of A is called /-sequentially compact if x = (xk) is a sequence 
of points of A, there is a subsequence y = (yk n ) of x with /-limy = Xq € A. 

Definition 3.7. A function / is called /-sequentially continuous at Xq £ A provided 
that whenever a sequence x = (xk) of points of A is /-convergent to Xo then the sequence 
f(x) = f((xk)) is /-convergent to f(x o). For a subset A of A, / is /-sequentially continuous 
on A if it is /-sequentially continuous at every xq £ A and is /-sequentially continuous if it is 
/-sequentially continuous on A. 

Lemma 3.1. Any /-convergent sequence of points in A with a /-limit Xo has a convergent 
subsequence with the same limit Xq in the ordinary sense. 

The proof of the lemma follows from [11] and [17]. 

From the Lemma 3.1, it is clear that / is a regular subsequential method. 

Theorem 3.2. Any /-sequentially closed subset of a /-sequentially compact subset of A 
is /-sequentially compact. 

Proof. Let A be a /-sequentially compact subset of A and E be a /-sequentially closed 
subset of A. Let x = ( Xk ) be a sequence of points in E. Then x is a sequence of points in A. 
Since A is /-sequentially compact, there exists a subsequence y = (yfc„) of the sequence (xk) 
such that / — lim y € A. The subsequence (yk n ) is also a sequence of points in E and E is 
/-sequentially closed, therefore I — lim y £ E. Thus x = (xk) has a /-convergent subsequence 
with / — limy £ E, so E is /-sequentially compact. 

Theorem 3.3. It Any /-sequentially compact subset of X is /-sequentially closed. 

Proof. Let A be any /-sequentially compact subset of A. For any Xq £ A 1 , then there 
exists a sequence x = ( Xk ) be a sequence of points in A such that I — limx = xq. Since / is a 
subsequential method, there is a subsequence y = (y r ) = (xk r ) of the sequence x = (xk) such 
that limr-.oo Xk r = xq- Since / is regular, so / — lim y = Xo. By /-sequentially compactness 
of A is, there is a subsequence z = (z r ) of y = (y r ) such that / — lim z = yo £ A. Since 
linv^oo z r = xq and / is regular, so / — lim z = xo ■ Thus xo = yo and hence Xq £ A. Hence A 
is /-sequentially closed. 

Corollary 3.4. Any /-sequentially compact subset of A is closed in the ordinary sense. 

Theorem 3.5. A subset of A is /-sequentially compact if and only if it is /-sequentially 
countably compact. 

Proof. Let A be any /-sequentially compact subset of A and E be an infinite subset of 
A. Let x = (xk) be a sequence of different points of E. Since A is /-sequentially compact, this 
implies that the sequence x has a convergent subsequence y = (y r ) = (xk r ) with / — limy = Xq- 
Since / is subsequential method, y has a convergent subsequence z = (z r ) of the subsequence y 
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with linv^oo z r = Xq. By the regularity of /, we obtain that Xo is a /-sequentially accumulation 
point of E. Then A is /-sequentially countably compact. 

Next suppose A is any /-sequentially countably compact subset of X. Let x = (xk) be a 
sequence of different points in A. Put G = {xk : k £ N}. If G is finite, then there is nothing 
to prove. If G is infinite, then G has a /-sequentially accumulation point in A. Also each set 
G n = {x n : n > fc}, for each positive integer n, has a /-sequentially accumulation point in A. 
Therefore r\™ =1 G n (j). So there is an element xq £ A such that Xq £ G n . Since / is a regular 

subsequential method, so xq £ G n . Then there exists a subsequence z = ( z r ) = (a;^) of the 
sequence x = ( Xk ) with / — limz £ A. This completes the proof. 

Corollary 3.6. A subset of X is /-sequentially compact if and only if it is sequentially 
countably compact in the ordinary sense. 

Corollary 3.7. A subset of X is /-sequentially compact if and only if it is countably 
compact in the ordinary sense. 

Theorem 3.8. The /-sequential continuous image of any /-sequentially compact subset 
of X is /-sequentially compact. 

Proof. Let / be any /-sequentially continuous function on X and A be any /-sequentially 
compact subset of X. Let y = ( yk ) = ( f{xk )) be a sequence of points in /(A). Since A is 
/-sequentially compact, there exists a subsequence z = (z r ) = ( Xk T ) of the sequence x = ( Xk ) 
with / — limzA. Then f(z ) = ( f(z r )) = ( f(xk r )) is a subsequence of the sequence y. Since / is 
/-sequentially continuous, / — lim(/(,z r )) = f(x) £ /(A). Then /(A) is /-sequentially compact. 

Corollary 3.9. A /-sequentially continuous image of any sequentially compact subset of 
X is sequentially compact. 

Theorem 3.10. If X is /-sequentially compact, then X is complete. 

Proof. Let x = (xk) be a Cauchy sequence of points of X. As X is /-sequentially compact, 
there exists a convergent subsequence y = ( yk T ) of the sequence x such that / — lim y = xq £ 
A. By the Theorem 2.1, there exists a subsequence z = ( Zk r ) of the sequence y such that 
lim r — >oo Zk r = Xq ■ Hence (xk) is converges. This completes proof of the theorem. 
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§1. Introduction 

Generalized Gaussian Hypergeometric function of one variable is defined by 

Ol) « 2 , ' ’ ’ i & A ; 



aFb 



bi, 62 , ■ ■ ' ! b B 



= £ 

k = 0 



(ai)fc(« 2 )fc • • • ( ClA)kZ k 

(bi)k(b2)k • • • {b B ) k k\ 



or 





{a a) ; 




( a j)f= 1 ; 


aF b 


Z 


= aF b 


Z 




. ( b B ) ; 




1 

1 



= £ 

k = 0 



(( a A ))kZ k 

((b B )) k kl ' 



where the parameters b±, 62 , ••• , b B are neither zero nor negative integers and A , B 
non-negative integers. 

Contiguous Relation is defined by 

[ Andrews p. 363(9. 16), E.D.p. 51(10), H.T.F.I p. 103(32)] 





a, b ; 




a + 1 , b ; 




a, b 1 5 


2 F 1 


z 


= « 2 F 1 


z 


— b 2 F-\ 


z 




C ; 




C ; 




c ; 



Gauss second summation theorem is defined by [Prud., 491(7.3.7.5)] 



2^1 



Q+t+l . 2 

2 ’ 



r ( a+|+i)r(i) 

r(^) r(^) 

2(b-i) r(“+|±i) 

mW¥) 



(i) 

are 



(2) 



( 3 ) 
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In a monograph of Prudnikov et ah, a summation theorem is given in the form [Prud., 
p. 491(7. 3. 7. 3)] 



a, b ; 


l 




[ r( 0+5+1 ) 2 r(°+ 5 - 1 )] 


q+b— 1 . 
2 ’ 


2 


V 7 * 


r(s±i) r(^±i) + r(a) r(&) _ 



Now using Legendre’s duplication formula and Recurrence relation for Gamma function, the 
above theorem can be written in the form 



a, b ; 1 


o(b— 1) p^q+b— 1) 


" r(|) 2 (°- b+1 ) r(§) r(^) r(^)’ 


q+b — 1 . 2 

2 ’ 


m 


r(^) + {r(a)} 2 + r(^±i)_ 



Recurrence relation is defined by 

r(z + l) = x r(z). 



( 6 ) 



§2. Main summation formula 



2^1 



q+b+32 . 
2 ’ 



2 b 



■)b tV q+b+32 ) 



(° — b) m 



r(|) f 32768(1428329123020800 a - 2322150583173120a 2 + 1606274243887104a 3 ) 

r(f) I 



( YlW-b- 2C}) ( n {a - b + 2 V}) 

V C=0 ' V T7=l ' 



+ 



+ 



+ 



+ 



32768(— 636906005299200a 4 + 163554924216320a 5 ) 

I] {a - 6 - 2C}) ( II {a - b + 2 r]}\ 

C=o ' v i;=i ' 

32768(— 29011643781120a 6 + 3688786669568a 7 ) 

( JI {a ~ b - 2C}) ( II {a - b + 2 



32768(— 343226083200a 8 + 23578343360a 9 ) 

( II {« - b - 2C}) ( II - b + 2 v}) 

v C=o ' v »?=i ' 

32768(-1193992800a ltJ + 43995952a 11 - 1146600a 12 ) 
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+ 32768(20020a 13 - 210a 14 + a 15 + 14283291230208005 + 8525223163330560a 2 b) 

( UW~b~ 2C}) ( n {a - b + 27/}) 

V C=0 7 v r)=l 7 

+ 32768(-2182234506854400a 3 5+ 1969113895649280a 4 5) 

( II {° - b - 2 C}) ( U{a-b+ 2 77}) 

V C=0 7 v rj=l 7 

+ 32768(-264966591528960a s 6 + 82650036080640a e &) 

( Yl{a~b- 2C}) ( II {a - b + 2? ? }) 

V £=0 7 V 7 ) = 1 7 

+ 32768(-6233334240000a 7 5 + 920583637440a 8 5) 

( II {« - b - 2C}) ( II {« - b + 277}) 

v C=o 7 N=i 7 

32768(— 39161191680a 9 5 + 3018684240a lo 6 — 67407600a 11 6) 

( n {a - b - 2C}) ( ri {a - b + 2 ?/}) 

V £ = 0 7 V 7/=l 7 

+ 32768(2691780a 12 6 - 24360a 13 6 + 435a 14 5) 

( II { a - b ~ 2 C}) ( II{«^+ 2 v}) 

V C=0 7 V i?=l 7 

+ 32768(23221505831731206 2 + 8525223163330560a6 2 ) 

( II {a - b - 2C}) ( II {a - b + 2? ? }) 

v C=o 7 v ?)= 1 7 

+ 32768(5852172660080640a 3 5 2 - 528194276167680a 4 5 2 + 497028396625920a 5 6 2 ) 

( II {a-b- 2C}) ( II {° - 6 + 2 v}) 

v C=o 7 v 77=1 7 

+ 32768(-30401221536000a e 6 2 + 9824497355520a 7 5 2 ) 

( II {« - b - 2C}) ( I! { a - b + 277}) 

V C=0 7 V »7=l 7 

+ 32768(-363512823840a s 6 2 + 54807626640a 9 5 2 ) 

( UW-b- 2C}) ( II W - b + 2??}) 

v C=o 7 v 77=1 7 

+ 32768(-1104760800a lo 6 2 + 85096440a n 6 2 - 712530a 12 6 2 ) 

( II {« - b - 2 C}) ( II {a - b + 277 }) 

v C=o 7 v 77=1 7 

+ 32768(27405a 13 5 2 + 16062742438871046 3 ) 

( II {« ~ h - 2C}) ( II {° - b + 277}) 

v C=o 7 v 77=1 7 

+ 32768(2182234506854400a6 3 + 5852172660080640a 2 b 3 + 1153266031104000a 4 5 3 ) 

( II {° - b - 2C>) ( II {a - & + 2 t?}) 

v C=o 7 v 77=1 7 
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+ 32768(-46525375584000a s 6 3 + 42437501433600a e 6 3 ) 

( II {a-b- 2C}) ( II {« - b + 2 V}) 

V C =0 7 V 77=1 7 

+ 32768(-1285763673600a 7 6 3 + 404597084400a 8 6 3 ) 

( II {° - b - 2 C}) ( II { a - b + 2 V}) 

v C=o 7 v i?=i 7 

+ 32768(-7227090000a 9 6 3 + 1052508600a 10 6 3 - 8143200a n 6 3 ) 

( II { a - b ~ 2 C}) ( II {a - b + 277}) 

V C =0 7 V T 7 =l 7 

+ 32768(593775a 12 6 3 + 6369060052992006 4 ) 

( II {« ~ b - 2 C}) ( II {a - b + 2 r ]}) 

v C=o 7 v 77=1 7 

+ 32768(1969113895649280a6 4 + 528194276167680a 2 6 4 + 1153266031104000a 3 6 4 ) 

( II - b ~ 2 C}) ( li{a-6+ 2 v}) 

V C =0 7 V r/= 1 7 

+ 32768(85800120220800a 5 6 4 - 1679965963200a e 6 4 ) 

( II - b ~ 2 C}) ( II {« - b + 277}) 

V C =0 7 V ?7=l 7 

+ 32768(1438362021600a 7 6 4 - 20980485000a 8 6 4 ) 

( II {« - b ~ 2 C}) ( U{a-b+ 277}) 

V C=0 7 v T?=l 7 

+ 32768(6230113500a 9 6 4 - 42921450a 10 6 4 + 5852925a n 6 4 + 1635549242163206 s ) 

( Yl{a-b- 2 C}) ( II {« - b + 2 v}) 

v c =0 7 K rj= 1 7 

+ 32768(264966591528960a6 s + 497028396625920a 2 6 s ) 

( II {« - b - 2 C}) ( I\{a- b + 277}) 

V C=0 7 V 77=l 7 

+ 32768(46525375584000a 3 6 s + 85800120220800a 4 6 s ) 

( n{a-6- 2 C}) ( II {a - 6 + 277}) 

V C=0 7 V »7=l 7 

+ 32768(2667136741920a e 6 s - 24708348000a 7 6 s + 19527158700a 8 6 s - 109254600a 9 6 5 ) 

( II {a - b ~ 2 C}) ( II {a - b + 2 V}) 

V C=0 7 v ?7=l 7 

+ 32768(30045015a lo 6 s + 290116437811206 6 ) 

( II {« - b ~ 2 C}) ( ri{a-6+ 277}) 

v C=o 7 v 77=1 7 

+ 32768(82650036080640a6 e + 30401221536000a 2 6 6 ) 

( YlW-b- 2 C}) ( II {« - b + 2 v}) 

v C=o 7 v 77= 1 7 
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+ 32768(42437501433600a 3 6 6 + 1679965963200a 4 6 e ) 

( II ( a - b ~ 2 C}) ( U{a-b+ 2 77 }) 

V C=0 7 V 17=1 7 

+ 32768(2667136741920a 5 6 e + 34171477200a 7 6 6 ) 

( II i a - b ~ 2 C}) ( II {a - b + 2rj}) 

v C=o 7 v j;=i 7 

+ 32768(-119759850a s 6 6 + 86493225a 9 6 6 + 36887866695686 7 + 6233334240000a6 7 ) 
( II { a - b - 2<C}) ( II {a - b + 277 }) 

v C=o 7 v 77=1 7 

+ 32768(9824497355520a 2 6 7 + 1285763673600a 3 6 7 ) 

( UW-b- 2C}) ( II {a - b + 2 77 }) 

V C =0 7 v 77 =l 7 

+ 32768(1438362021600a 4 6 7 + 24708348000a 5 b 7 ) 

( UW-b- 2C}) ( U{a-b + 2r/}) 

V C=0 7 V 77=1 7 

+ 32768(34171477200a 6 6 7 + 145422675a 8 b 7 + 3432260832006 s ) 

( II {« - b - 2C}) ( II {a - 6 + 2??}) 

V C =0 7 K r/= 1 7 

+ 32768(920583637440a6 s + 363512823840a 2 6 8 ) 

( YlW-b- 2C}) ( II {a - b + 277 }) 

X=o 7 v 77=1 7 

+ 32768(404597084400a 3 6 8 + 20980485000a 4 6 8 + 19527158700a 5 6 s ) 

( YlW-b- 2C}) ( II { a - b + M) 

V C=0 7 V TJ=1 7 

+ 32768(119759850a e 6 8 + 145422675a 7 6 8 ) 

( II {a - b - 2C}) ( II {« - 6 + M) 

v c=0 7 v T7=l 7 

^ 32768(235783433606® + 39161191680a6 9 + 54807626640a 2 6 9 ) 

( UW-b- 2C}) ( II {a - b + 277 }) 

v £=0 7 V r?=l 7 

+ 32768(7227090000a 3 6 9 + 62 301135 00a 4 6 9 ) 

( II - b - 2C}) ( II {a - 6 + 277 }) 

V C=0 7 V T)=\ 7 

+ 32768(109254600a 5 6 9 + 86 4 9 3 2 25a 6 6 9 + 1193 9 9 2 8 0 06 10 ) 

( II { a ^ b - 2C}) ( FI {a - 6 + 277 }) 

v C=o 7 v 77=1 7 

+ 32768(3018684240a6 10 + 1104760800a 2 6 1D ) 

( II - b - 2C}) ( II {a - 6 + 277 }) 

v C=o 7 '77=1 7 



54 



Salahuddin 



No. 4 



+ 32768(1052508600a 3 6 10 + 42921450a 4 6 10 + 30045015a 5 & 10 ) 

( II {a - & - 2 C}) ( II {a - b + 2/?}) 

v C=o 7 v 77=1 7 

^ 32768(43995952& u +67407600a6 n ) 

( II i a ^ b - 2 C}) ( Il{a-b+ 2r 7}) 

V C=0 7 ' 77=1 7 

+ 32768(85096440a 2 6 n + 8143200a 3 6 n + 5852925a 4 6 n ) 

( II {« - & - 2 C}) ( II {« - b + 2??}) 

V C=0 7 = l 7 

+ 32768(11466006 12 + 2691780a6 12 + 712530a 2 6 12 ) 

( Ilia-b- 2C}) ( II {a - b + 2??}) 

V C=0 7 V 7?=l 7 

+ 32768(593775a 3 6 12 + 200206 13 + 24360a6 13 + 27405a 2 6 13 + 2106 14 + 435a6 14 + b 15 ) 

( n {« - b - 2 C}) ( n {a - b + 27?}) 

v C=o 7 v 17=1 7 

655366(1428329123020800 + 470423898685440a) 

( n {a - b - 2a}) ( {a - b + 2^}) 

v a=0 7 ' (3=1 7 

+ 655366(2328961922629632a 2 + 381117697130496a 3 ) 

( II {« - b - 2a}) ( II {a - b + 2/3}) 

v a=0 7 v /3=l 7 

+ 655365(316734590500864a 4 + 29456251432960a 5 ) 

( Il{a- b - 2a}) ( II {« - b + 2/3}) 
v a=0 7 ' f3=l 7 

+ 655366(9279610167296a e + 511595950208a 7 ) 

( II i a - b - 2a}) ( }I i a ~ b + 2 /?}) 

v a=0 7 v ^=l 7 

+ 655365(77189562432a 8 + 2483214240a 9 + 193882832a 10 ) 

( II {« - b - 2a}) ( II {« ~ b + 2/3}) 

v a =0 7 ' 0=1 7 

+ 655365(3327896a n + 131404a 12 + 910a 13 ) 

( II {« - b - 2 a}) ( IT W ~ b + 2/3}) 

v a=0 7 ' (3=1 7 

+ 655365(77189562432a 8 + 2483214240a 9 + 193882832a 10 ) 

( II {« - b - 2a}) ( II i a ~ b + 2/?}) 

v a=0 7 x (3= 1 7 

+ 655365(3327896a n + 131404a 12 + 910a 13 ) 

( II {« - b - 2«}) ( II {« ^ b + 2/3}) 

V Q!=0 7 X (3=1 7 
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655366(15a 14 - 4704238986854406 + 5473573561958400a6 + 503214007025664a 2 6) 

( II {° - b - 2a}) ( II {° - b + 2/3}) 

v a=0 ' ' /3=1 ' 

655366(1969528317345792a 3 6 + 150112771248128a 4 6) 

( FI {« - ~ 2a}) ( II {« - b + 2 /3}) 

V a =0 ' ' 0=1 J 

+ 655366(112539365949440a s 6 + 5581588819072a 6 6) 

( UW-b- 2a}) C II W - b + 2/3}) 

\ a=0 / v 0=1 ' 

655366(1638717738496a 7 6 + 49573632864a 8 6 + 6999713760a 9 6) 

( U{a-b- 2a}) ( U{a~b+ 2/3}) 

v a=0 ' v /3=l ' 

655366(116414584a 10 6 + 8390512a n 6) 

( ri {« - b - 2a}) ( n {« - b + 2/3}) 

v a=0 ' ' /3=1 7 

655366(58058a 12 6 + 2030a 13 6 + 23289619226296326 2 - 503214007025664a6 2 ) 

( I! {« - b - 2a}) ( }] W ~ b + 2^}) 

v a=0 ' v /3=l ' 

655366(3412315664252928a 2 6 2 + 129681106132992a 3 6 2 + 423536993230848a 4 6 2 ) 

( ri {« - b - 2a}) f n {« - b + 2/3}) 

v a=0 ' ' /3=1 ' 

655366(16628085832320a 5 6 2 + 11189308499712a 6 6 2 ) 

( if {« - b - 2a}) ( II {« - b + 2/3}) 

v a=0 ' v /3=l ' 

+ 655366(300862325376a 7 6 2 + 80994977424a 8 6 2 ) 

( II {° - b - 2a}) ( II W - b + 2/3}) 

\ a=0 / v^ =1 / 

655366(1263236520a 9 6 2 + 163524504a lo 6 2 + 109 9 3 32a 11 6 2 ) 

( II { a - b - 2a}) ( U i a ~ b + 2/3}) 

v a=0 ' v /3=l ' 

655366(71253a 12 6 2 - 3811176971304966 3 ) 

( I! { a - b ~ 2a}) ( II {a ~ b + 2/3}) 

'a=0 ' ' /3=1 ' 

655366(1969528317345792a6 3 - 129681106132992a 2 6 3 + 645921311784960a 3 6 3 ) 

( II {« - b - 2a}) ( }I {« - b + 2/3}) 

\ a=0 ' v /3=l ' 

655366(11831795932800a 4 6 3 + 33081548382720a 5 6 3 ) 

( II {a - 6 - 2a}) ( U W ~ b + 2/3}) 

\ a=0 / V /3=1 y 

655366(686621093760a e 6 3 + 413821722240a 7 6 3 ) 

( it {° - b - 2a}) ( II { a - b + 2/3}) 

v a=0 ' v /3=l ' 
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+ 655366(5675445000a s 6 3 + 1386606000a 9 6 3 + 8708700a lo 6 3 ) 

( II {a - b ~ 2«}) ( II { a “ b + 2 /3}) 

v a =0 7 ' 0=1 7 

+ 655366(1017900a n 6 3 + 3167345905008646 4 ) 

( II {a ~ b - 2a}) f II {« - b + 2/3}) 

\ a=0 7 v /3=l 7 

+ 655366(-150112771248128a6 4 + 423536993230848a 2 6 4 ) 

( II {« - b ~ 2a l) ( II {« - b + 2/3}) 

v a=0 J v ,3=1 J 

+ 655366(-11831795932800a 3 6 4 + 47032752624000a 4 6 4 ) 

( II {a - b - 2a}) ( II ( a - b + 2 /3}) 

v a=0 7 ' /3=1 7 

+ 655366(436682232000a s 6 4 + 1060441956000a e 6 4 ) 

( U{a~b- 2a}) ( II {« - b + 2/3}) 

\ a=0 / \^ =1 / 

+ 655366(11019106800a 7 6 4 + 5939968500a s 6 4 ) 

( II {a - b - 2a}) f }I {« ~ b + 2/3}) 

v a=0 7 v /3=l 7 

+ 655366(32516250a 9 6 4 + 7153575a 10 6 4 - 294562514329606 s + 112539365949440a6 s ) 
( II {° - b - 2a}) ( II { a - b + 2/3}) 

\ a=0 / \ p=i 7 

+ 655366(-16628085832320a 2 6 s + 33081548382720a 3 6 s ) 

( II {« ~ b - 2a}) ( }I ( a - b + 2/3}) 

v a=0 7 ' /3=1 7 

+ 655366(-436682232000a 4 6 5 + 1443061650240a 5 6 s ) 

( II W ~ b ~ 2a}) ( II ~ b + 2/3}) 

v a=0 7 ' /3=1 7 

+ 655366(6518297520a e 6 5 + 13870291680a 7 6 5 + 56 7 2 8 3 50a®6 5 ) 

( II i a - b - 2a}) ( II {« - b + 2/3}) 

V a=0 7 V /3=l 7 

+ 655366(27313650a 9 6 s + 92796101672966 6 ) 

( it {a - b - 2a}) ( i a ~ b + 2/3}) 

v a=0 7 v /3=l 7 

+ 655366(-5581588819072a6 e + 11189308499712a 2 6 6 ) 

( Ilia-6- 2a}) ( II {a - 6 + 2/3}) 

v a=0 7 ' /3=1 7 

+ 655366(-686621093760a 3 6 e + 1060441956000a 4 6 6 ) 

( II (a - & - 2a}) ( II {a - 6 + 2/3}) 

\ a=0 7 ^ 0=1 7 
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655366(— 6518297520a 5 6 6 + 18331241040a 6 6 6 + 31935960a 7 6 6 ) 

1C 1/1 



/ 15 

( n {a-b- 

v a=0 

655366(59879925a®6 6 - 5 


‘ 2a}) f n{«-6+ 2/3}) 

7 V /3=l 7 

115959502086 7 ) 


/ 15 \ / 14 

( n {« — 6 — 2a}) f n 

v a=0 7 v /3= 

655366(1638717738496a6 


{a — b + 2/3}^ 

7 - 300862325376a 2 6 7 ) 


( II {a - b - 2a}) f II I a ~ b + W}) 

x a=0 ' v ( 3—1 ' 

655365(413821722240a s 6 7 - 11019106800a 4 6 7 ) 


( ri {« - b - 2a i) ( n i« - b + 2/3}) 

v a=0 7 ' /3=1 7 

655366(13870291680a 5 6 7 - 31935960a e 6 7 + 77558760a 7 6 7 ) 


/ 15 

( ft {a - b- 2 

v a=0 

655365(771895624326® - 


a}) ( IRa - b + 2/3}) 
49573632864a6 8 ) 


/ 15 \ / i- 

( n {a -6- 2 am f 

v a— 0 ' X (3= 

655365(80994977424a 2 6 8 


[ {a — 6 + 2/3}) 

- 5675445000a 3 6 8 + 5939968500a 4 6 8 ) 


( ri {« - b ~ 2a}) ( n {« - b + 2/3}) 

v a=0 7 v /3=l 7 

655366(— 56728350a 5 6® + 59879925a 6 6 8 ) 


( II ( a ~ b ~ 2«}) ( UW-b + 2/?}) 

v a=0 J ' /3=1 7 

655366(— 24832142406 9 + 6999713760a6 9 - 1263236520a 2 6 9 ) 


/ 15 

( n {a- b- 

V C*=0 

655366(1386606000a 3 6 9 - 


2a}) ( II ( a _ b + 2/3}) 
- 32516250a 4 6 9 ) 


( II I a - b - 2a}) ( II {« - b + 2/3}) 

\ a=0 7 v /S=l 7 

655366(27313650a s 6 9 + 1938828326 10 - 116414584a6 10 ) 


/ 15 

( ni«-^2a 

' a=0 

655366(163524504a 2 6 10 - 


}) ( II I a - b+ 2/3}) 
- 8708700a 3 6 4 °) 


/ 15 w 14 

( ft {a — 6 — 2a}) ( n 

v a=0 7 v /3=l 

655366(7153575a 4 6 10 - 3 


{a — b + 2/3}^ 

3278965 11 + 8390512a6 n ) 


( II {a-b- 2a}) ( II W - b + 2/3}) 

v a=0 7 v /3=l 7 

655366(— 1099332a 2 6 14 + 1017900a 3 6 41 + 13 14046 12 ) 



( n {a - b - 2a}) ( n {a ~ b + 2 /3}) 

v a= 0 7 v /3=l 7 
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+ 655366(-58058a6 12 + 71253a 2 6 12 - 9106 13 + 2030a6 13 + 156 14 ) 1 
( II - b - 2a}) ( II {a “ & + 2 /?}) 

\ a=0 / V 0=1 / 

r(^±i) } 65536a(1428329123020800 - 470423898685440a + 2328961922629632a 2 ) 
“rf^+i) 1 7^4 x / 15 7 

1 2 j L ( n {« - & - 2C>) ( UW-b + 2r 1 }) 

V ^=0 7 V T)= 1 7 

65536a(— 381117697130496a 3 + 316734590500864a 4 ) 

( n {a - b - 2 C}) ( II {a - b + 2 ’?}) 

v C=o 7 v ^=i 7 

+ 65536a(-29456251432960a s + 9279610167296a 6 ) 

( II {° - b - 2 C}) ( II {a ~ b + 2 77}) 

v C=o 7 v ??=i 7 

65536a(— 511595950208a 7 + 77189562432a 8 - 2483214240a 9 ) 

( n {a - b - 2 C}) ( ri {a - b + 2 77}) 

v C=o 7 >=1 7 

65536a(193882832a 10 - 3327896a 11 ) 

( n {a - b - 2C}) ( ri {a - b + 2? ? }) 

v c=0 7 v ?7=l 7 

65536a(131404a 12 - 910a 13 + 15a 14 + 4704238986854406 + 5473573561958400a6) 

( n {« - & - 2 Cl) ( ri {a - b + 2 77}) 

v <=o 7 ^ 77=1 7 

+ 65536a(— 503214007025664a 2 6 + 1969528317345792a 3 6 - 150112771248128a 4 &) 

( II {« - b ~ 2 C}) ( I! {a - b + 2rj }) 

v f =0 7 ' r/—l ' 

+ 65536a(112539365949440a 5 6 - 5581588819072a 6 &) 

( II {° ^ b ~ 2 C}) ( II W - b + 2 V}) 

V C =0 7 V r /= 1 7 

65536a(1638717738496a 7 6 - 49573632864a s 6) 

( n {« - b - 2 ci) ( ri {« - 6 + 2 v}) 

V C =0 7 V T 7 =l 7 

+ 65536a(6999713760a s 6 - 116414584a 10 6 + 8390512a n & - 58058a 12 6 + 2030a 13 6) 

( II { a - b - 2 C}) ( II {« - b + 2 v}) 

v f=0 7 V ?7=l 7 

+ 65536a(23289619226296326 2 + 503214007025664a& 2 + 3412315664252928a 2 6 2 ) 

( II { a - b - 2 C}) ( U{a-b + 277}) 

V C=0 7 V ?7=l 7 

65536a(— 129681106132992a 3 6 2 + 423536993230848a 4 & 2 - 16628085832320a 5 6 2 ) 

( n {a - b ~ 2 C}) ( ri {a - b + 2r l}) 

V C =0 7 V rj=l 7 
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+ 65536a(11189308499712a 6 & 2 - 300862325376a 7 6 2 ) 
( UW-b- 2C}) ( II {a - b + 2?;}) 

V C=0 7 V T7=l 7 

+ 65536a(80994977424a 8 6 2 - 1263236520a 9 & 2 ) 

( II {« - b - 2C}) ( II {a - b + 2r]}) 

v <=0 7 K rj= 1 7 



| 65536a(163524504a lo 5 2 - 1099332a n 5 2 + 71253a 12 5 2 ) 

4~ 1 A 1C 



( n {a - b - 2 C}) ( n {« - b + 2 r 7 }] 

v C=o 7 v 77=1 7 

65536a(3811176971304966 3 + 1969528317345792a6 3 ) 


( n {a - b - 2 C}) ( n {« - b + 277 }) 

v C=o 7 v 77=1 7 

65536a(129681106132992a 2 6 3 + 645921311784960a 3 6 3 ) 


65536a( 


( II 1° - b ~ 2 Cl) ( II {a ^ b + 2 ? 7 }) 

= 0 7 V r?=l 7 

— 11831795932800a 4 6 3 + 33081548382720a 5 6 s ) 


65536a( 


( n - b - 2 d) ( n i« - b + 277 }) 

v C=o 7 v 77=1 7 

— 686621093760a 6 6 3 + 413821722240a 7 5 3 ) 


(, 

65536a( 


UW-b- 2C}) ( ri{a-5+ 2?7}) 
;=o 7 v j?=i 7 

— 5675445000a 8 6 3 + 1386606000a 9 6 3 ) 





( n {a - b - 2C}) ( n {a - & + 2 V}) 

V C =0 7 ' 7?=1 7 



+ 65536a(1017900a n 6 3 - 8708700a lo 6 3 + 3167345905008646 4 + 150112771248128a6 4 ) 

( II {a - b - 2 C}) ( II { a - b + 2 77 }) 

V C =0 7 v ?7=l 7 

+ 65536a(423536993230848a 2 6 4 + 11831795932800a 3 & 4 ) 

( II { a - b - 2 C}) ( II {a - 6 + 277 }) 

v C=o 7 v 77=1 7 

+ 65536a(47032752624000a 4 5 4 - 436682232000a 5 6 4 ) 

( U{a-b- 2C}) ( II {a - b + 2rj }) 

V C =0 7 V T 7 =l 7 

+ 65536a(1060441956000a e 6 4 - 11019106800a 7 6 4 + 5939968500a®6 4 ) 

( II I a ^ b - 2 C}) ( II {a - b + 2 77 }) 

v f=o 7 v 77=1 7 

+ 65536a(-32516250a 9 6 4 + 7153575a 10 6 4 ) 

( YlW-b- 2C}) ( II {« - b + 2? ? }) 
v C=o 7 v 77— 1 7 



